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(i) 
PREFACE 
In general relativity, the curvature tensor describing the gravitational 
field, consists of two parts-the matter part and free gravitational part The 
interaction between these two parts is described by Bianchi identities. The 
construction of gravitational potential satisfying Einstein field equations for a 
given distribution of matter is the principal aim of all investigations in 
gravitational physics. This has often been achieved by imposing symmetries on 
the spacetime geometry. Such symmetries of the spacetime are expressed 
through the vanishing of the Lie derivative of a certain tensor with respect to a 
vector. Although the concept of the Lie derivative is old, but in general theory of 
relativity it was first applied by Katzin and his collaborators in 1969 to study 
the geometry of the spacetime manifold. The geometric symmetries of the 
spacetime of general relativity thus obtained are known as "Collineations. " The 
literature on collineations is very large and still expanding — with results of 
elegance. 
The present dissertation entitled "Symmetries of the Space Time in 
General Relativity" deals with a review of some of the collineations and 
symmetry inheritance properties of the spacetime manifold. It comprises of four 
chapters. Chapter I is an introductory one and begins with the concept of Lie 
derivative. The Killing equation and its relation to curvature tensor has also 
been discussed here. The chapter concludes with a review of almost all the 
symmetries admitted by the spacetime of general relativity. 
Quite often it is advantageous to choose a suitable tetrad basis of four 
linearly independent vectors, to project the relevant quantities on to the chosen 
basis and consider the equation satisfied by them. This is tetrad formalism. The 
choice of tetrad basis depends upon the symmetries of the spacetime with which 
one is working. 
(ii) 
These types of tetrad formalisms are used in general relativity and the 
important examples are the Newman-Penrose and Geroch-Held-Penrose 
formalisms. The details of these formalisms along with their applications form 
the contents of the chapters II and III. 
While finding the exact solution of Einstein-Maxwell equation, it is 
sometimes convenient to assume that the Lie derivative of electromagnetic field 
tensor Fy vanishes. That is i^Fy = 0. Such symmetry is known as Maxwell's 
Collineation. Now is it possible that Maxwell's Collineation implies motion and 
conversely? An answer to this question is provided in Chapter IV along with 
related results. This study has also been made using NP- formalisms and a 
natural extension to Maxwell Collineation is given. This chapter also deals with 
the concept ofRicci inheritance in connection with perfect fluid spacetimes. 
The dissertation ends up with a list of references which by no means is a 
complete bibliography of work on the collineations. Only work referred to in the 
dissertation has been included in the list. 
Mathematical relations obtained in the dissertation have been numbered 
serially in each chapter and so are the theorems. Thus equation (23) refers to 
the equation (23) in the current chapter. If equation (23) of chapter I is used in 
-any subsequent chapter it will be represented by equation (23-1). 
(iii) 
CHAPTERI 
INTRODUCTION 
In general theory of relativity the curvature tensor describing the gravitational 
field consists of two parts viz, the matter part and free gravitational part. The 
interaction between these two parts is described through Bianchi Identities. For a 
given distribution of matter, the construction of gravitational potentials satisfying 
Einstein's field equations is the principal aim of all investigations in gravitational 
physics and this has been often achieved by imposing symmetries on the geometry 
compatible with the dynamics of the chosen distribution of matter. The geomet-
rical symmetries of the spacetime are expressible through the vanishing of the 
Lie derivative of certain tensors with respect to a vector. This vector may be 
time-like, space-like or null. 
The role of symmetries in general theory of relativity has been first studied 
by Katzin, Levin and Davis in 1969 in a series of papers. This chapter includes a 
brief review of almost all the symmetries admitted /inherited by the spacetime of 
general relativity (as far as I know). Since these symmetries are defined in terms 
of Lie derivatives, so we have 
1. LIE DERIVATIVE 
It is interesting to explore the situation when a quantity remains invariant under 
co-ordinate transformation. For example, imder which co-ordinate transformation 
the metric tensor remains invariant. Such type of transformation are of great im-
portance as they provide informations about the sjonmetries of the Riemannian 
manifold. In Euclidean space there are two types of transformation (a) discrete-
such as reflection (b) continuous- such as translation and rotation. The continu-
ous transformations are important and find their application in general theory of 
relativity. Here we shall not only discuss a different type of transformation that 
will lead to the symmetries of the spacetime but also introduce a new type of 
derivative known as Lie derivative. 
Consider the co-ordinate transformation 
where 
x'' = x'(e;x^) (1) 
x' = x' (O;x^ (2) 
and e is a parameter. Equation (1) describes a one parameter set of transforma-
tions x^ -^ x'^ which can be explained as: 
Let a given point A labelled by a set of four co-ordinates x\ To this point A 
assign another point B of the spacetime in the same co-ordinate system which was 
used to label the first point A. This point B is labelled by the four co-ordinates x'\ 
Thus to each point of the spacetime we can assign another point of the spacetime 
using the same co-ordinate system; and as consequence, equation (1) describes a 
mapping of the spacetime onto itself. 
Consider the special case of the infinitesimal transformation 
x' -^ x' = x^ + eC{x) (3) 
where e is a parameter (small and arbitrary) and ^'(a;) is a continuous vector field, 
which may be defined as 
The transformation defined by equation (3) is called an infinitesimal mapping and 
the meaning of such mapping is that: To each point A (with co-ordinates x*) of the 
spacetime there corresponds another point B [with co-ordinates x'' — x" + €^'(a;)], 
when the same co-ordinate system is used. 
Now let there be a tensor field T (x) defined in the spacetime under consid-
eration. This tensor field T {x) can be evaluated at the point B in two different 
manners firstly, the value T{x') of T(x) at the point B and secondly, the value 
T'{X) of the transformed tensor T'(using the usual transformation laws of ten-
sors) at the point B. The diflference between these two values of the tensor field T 
evaluated at the point B with co-ordinate x leads to the concepts of Lie derivative 
of T. This process is illustrated by defining the Lie derivative of the scalar field 
(p{x) (a tensor of rank zero), a covariant vector Ai (a tensor of rank one) and 
contravariant vector A^ (a tensor of rank one). 
First we consider a scalax field 4>{x). The value of 0 at the point B is ^(a;'), 
then using the infinitesimal expansion [cf., equation (3)]. The value of 0(x') at 
the point x^ can be written as 
cP ( x ) =cPix + eO = <P(x) + e ^ ^ e (5) 
Since (^  is a scalar, it remains invariant under the co-ordinate transformation (3) 
and we have 
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<t>'{x')=4>{x) (6) 
where 0 is a function evaluated at the point B whose co-ordinates are x' and tp 
is a function evaluated at the point A whose co-ordinates are re'. Then the Lie 
derivative of the scalar function <j) (a;), with respect to the vector ^\ denoted by 
£^(p (x) is defined as [from equation (5) and (6)] 
/:_^n '- , J £ - 0 e 
tkd4>{x) 
dx'' 
We thus have 
Theorem 1: The Lie derivative of a scalar ^ with respect to a vector ^' is the 
scalar product of the vector *^ with the gradient of the scalar 0. 
Since 0 is a scalar, the partial derivative may be replaced by covariant deriva-
tive and we have 
A#w=e'^=«V,. (7) 
as the Lie derivative of a scalar. We also have 
Theorem 2: The Lie derivative of a contravariant tensor A^ with respect to the 
vector ^ is 
£^ ^^  = eA^, - A% (8) 
Theorem 3: The Lie derivative of a covariant vector A' with respect to the vector 
e i s 
£^A^ = CA^-^ + / I 4 (9) 
Theorem 4: The Lie derivative of a covariant tensor Aij of rank two is 
£iAj = CAr,m + Ai^l^ + AkjC^, (10) 
Theorem 5: The Lie derivative of a contravariant tensor A^^ of rank two is 
£^A'^ = CA% - A'^ - A'% (11) 
Theorem 6: The Lie derivative of the product of two tensors X and Y satisfies 
the Leibnitz rule of the products of derivatives. That is 
£^ {XY) = X£^Y + Y£^X (12) 
(For the proof of above theorems, see [17]). 
RemEirks: The Lie derivative satisfies the following properties. 
(a) It is linear, that is 
£^ (aA' + PB') = a£^A' + I5£^B' (13) 
where a and /? are scalars 
(b) The Lie derivative of a tensor of type (p,q) is again a tensor of type (p,q) 
where p and q indicate the covariant and contravariant nature of tensor. 
(c) The Lie derivative can also be applied to arbitrary Unear geometric objects; 
for example, to Christoffel symbols. 
(d) The Lie derivative commutes with the partial derivative. That is 
The Lie derivative of a general tensor JT-; • with respect to the vector <^  can be 
obtained as follows 
Thus for example, according to this prescription, the Lie derivative of the 
Riemarm curvatvure tensor is 
^i^ki = ^ R)ki;h ~ RjkiC,h + ^ikii,j + R]hii,k + R)khi,i (16) 
2. THE KILLING EQUATION 
When we consider a physical system, symmetry properties of the system are often 
helpful in imderstanding the system. In this section we shall apply the concept 
of Lie differentiation in studying the geometry of spacetime under consideration. 
Since the geometry of the spacetime is described through the metric tensor g^, it 
is therefore worthwhile to see whether or not the metric tensor changes it's value 
under infinitesimal co-ordinate transformation. 
A mapping of the spacetime onto itself of the form (3) is called an isometry 
(or motion) if the Lie derivative of the metric tensor associated with it, vanishes, 
i.e. 
% i . = 0 (17) 
Equation (17) means that metric tensor is invariant imder the transformation (3) 
if g^j (x) = Qij (x) for all co-ordinates x^. 
The condition (17), from equation 
is equivalent to 
For a given metric, equation (18) represents a system of differential equations 
which determines the vector field *^ (a;). If this equation has no solution then space 
has no synunetry. Equation (18) can be regarded as the covajiant charaterization 
of the symmetries present, although it involves partial derivatives. This can be 
seen by replacing the partial derivatives with the covariant derivatives in equation 
(18), consider equation (17) with equation £^gij = 2^(jy), we have the invariant 
equation as 
^i9ij = 6;i + Cr,i = 0 (19) 
Equation (19), a system of first order differential equations, is called the 
Killing Equation. The vectors ^' (2;) which are the solution of this equation 
are called Killing vectors, and characterize the symmetry properties of the Rie-
maimian space in an invariant manner. The number and types of solutions of 
these ten equations depends upon the nature of the metric and hence vary from 
space to space. 
Killing equation and the Lie differentiation play an important role in the 
classification of gravitational fields. A gravitational field is said to be stationary 
if it admits a time-like KilKng vector field ^' (a;) that is there exists a solution to 
Killing equation (19), where ^, = gij^^ and ^^ = ^i^^ > 0. 
If we choose the co-ordinate system such that the Killing vector ^' has the 
component as 
then equation (18) reduces to 
e = (0,0,0,1) (20) 
^ = 0 (21) 
Thus in this co-ordinate system aU the components of the metric tensor are 
independent of the spacetime co-ordinate x^. An important example of the sta-
tionary gravitational field is the Kerr metric (the rotational generalization of 
Schwarzchild exterior solution). 
If in stationary spacetime the trajectories of the Killing vector ^' are orthogo-
nal to a family of hj^ersmrfaces, then the spacetime is said to be static. In such a 
spacetime there exists a co-ordinate system which is adapted to the Kilhng vector 
field *^ (x) such that 
1 ^ = 0 , 54M = 0, // = 1,2,3 (22) 
A static solution of the Einstein field equation is the Schwarzchild exterior solu-
tion. 
3. THE CURVATURE TENSOR AND KILLING VECTOR 
In this section we shall find the spaces which posses maximum number of Killing 
vectors. The spaces which posses maximum number of Killing vectors are known 
to be the spaces of constant curvature. 
The significance of the spaces of constant curvature is very well known in gen-
eral relativity. To obtain a model of the imiverse, certain simplifying assumptions 
have to be made and one such assumption is that the universe is isotropic and 
homogeneous. This is known as cosmological principle. By isotropic we mean that 
all spatial directions are equivalent, while homogeneity means that it is impossible 
to distinguish one place in the universe from other (for further details see [65], [72] 
). In the space of constant curvature no points and no directions are preferred. 
The three dimensional space is being constituted in the same way everywhere. 
The cosmological principle when translated into the language of Riemannian ge-
ometry asserts that the positional space (of dimension 3) is a space of maximal 
symmetry and thus a space of constant curvature. 
We have the following results connecting Riemannian curvature tensor and 
Killing vector (for the proofs, see [17]. 
Theorem 7: For any Killing vector ^\ 
e;^+Ri,r = 0 (23) 
Theorem 8: For any KiUing vector ^\ 
^^:Jk = R[jS (24) 
The integrabihty conditions for equation (24) can be obtained as follows: 
For every ^i-j, from equation (24), we have 
Ki;j\k]Tn — Ki;jkTn — \RkjiQ);m 
and 
^z;i\m;k = ^mji;k^l + RmjiQ;k 
Subtraction of these two equations yields 
^i;jhm — ^i-Jmk = {Rkji;m " ^mji\k)^l ~ ^mjiS,l;k (25) 
Moreover, from the general formula for the commutators of tensors, we have 
Si;jfcm ~ %i:,3mk = ^ikvnShJ ~i J^jkvnShi (26) 
With this equation, equation (25) becomes 
which on using ^i to be KiUing, reduces to 
(4ii;m - RUk)Cl + {R[jiK. - RLjiSkR^ikmSj + R^km^^ ' Rlkm^l-.n = 0 (27) 
Equation (27) are the integrabiUty conditions and impose conditions on ^t and ^i.j 
about the existence of Killing vectors at a point. Thus if we know the nature of 
the Killing vectors of some unknown metric then we can have some informations 
about the curvature tensors of the spacetime. ^ 
Definition 1: If a space has maximvrai number of Killing vectors then it is said 
to be maximally symmetric space. 
In this connection we have 
Theorem 9: A maximally symmetric space is a space of constant curvature. 
It may be noted that a maximally sjonmetric space is an Einstein space. 
4. COLLINEATIONS IN GENERAL RELATIVITY 
The symmetry assimiptions on the spacetime manifold are also known as 
colhneations. The literatme on coUineations is very large and still expanding with 
results of elegance. We shall now give the definitions and related results for these 
coUineations (cf. [22], [44], [60], and [74]). 
(i) Conformal Motion (Conf M) 
Consider a n-dimensional Riemarmian space Vn and referred to co-ordinate 
system (x) in 14 we consider the point transformation 
T: 'C = r iC); Det (^^^ ^ 0 (28) 
When point transformation (28) does not change the angle between two 
directions at a point it is said to define a conformal motion in Vn- The necessary 
and sufficient condition for this is that the infinitesimal Lie difference of gij is 
proportional to g^j 
£,^gij = 2agij (29) 
where cr is a constant. 
(ii) Homothetic Motion (HM) 
If ds'^ and ds'"^ have always the same constant ratio, i.e. 
l^g^j = 2agij (30) 
where a is constant, then the infinitesimal transformation 
is called a homothetic motion. 
Theorem 10: In order that a transformation in Vn be homothetic, it is necessary 
and sufficient condition that the transformation be conformal and affine at the 
same time. 
(iii) Special Conformal Motion (SCM) 
The motion is SC^I if 
£.^gij = 2agij (32) 
such that a.jk = 0. 
(iv) Projecvtive Collineation (PC) 
A necessary and sufficient condition that transformation (31) be projective 
collineation in an Ki is that Lie derivative of Fj^ is 
£ir], = 6)(t>.k + 6i^.,j (33) 
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(v) Special Projective CoUineation (SPC): If above equation has form as 
£^r5, = 0 (34) 
i.e. the Lie derivative of F^ jt vanishes, then the transformation (31) is called special 
projective coUineation. 
(vi) Weyl Projective CoUineation (WPC) 
The infinitesimal transformation (31) called WPC if and only if 
£iW;,i = 0 , (n >2) (35) 
where Wj^ii^^Y^ tensor is defined as 
Wijkl = Rijkl - 2 {9ikRjl + QjlRik - 9ilRjk - QikRil) 
—^ {9ii9jk - 9ik9ji) (36) 
Fori?,, = 0, Wijki = Rijkl or WJki^Riki 
(vii) Weyl Conformal CoUineation (WCC) 
The infinitesimal transformation (31) called WCC if and only if 
£eC;,, = 0 , ( n>3 ) (37) 
(viii) Cm-vature CoUineation (CC) 
A Riemannian space V^  of n dimension is said to admit a symmetry, which 
we call Ciurvature CoUineation (CC), if there exists vector ^' for which 
£^Ri,i = 0 (38) 
where jR^ j,j is Riemann curvature tensor. 
(ix) Special Curvature CoUineation (SCC) 
The symmetry property is called special curvature coUineation (SCC) if 
i^^^kh = 0 (39) 
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i.e., transformation (31) in K is SCC if covariant derivative £^^T'jk vanishes. 
(x) Affine Collineation (AC) 
A Ki is said to admit an AC provided there exists a vector ^' such that 
£^r% = ^^, + r fi5-fc = 0 (40) 
where F^^ is the Christoffel symbol of second kind and .RJ-fej is Riemann curvature 
tensor. Thus, from Theorem 8 we see that a motion always impUes AC. 
(xi) Ricci Collineation (RC) 
A necessary and sufficient condition for a Riemannian space Vn to admit a 
Ricci collineation (RC) is that there exists an infinitesimal transformation (31) 
such that 
£^Rij = 0 (41) 
where Rij is Ricci tensor. 
(xii) Conformal Collineation (Conf C) 
A Riemannian space 14 of n dimension is said to admit conformal collineation 
(CC) if there exists vector ^ for which 
£^r% = 6}a,k + 4^;i - 9ik9''^;i (42) 
(xiii). Special Conformal Collineation (S Conf C) 
The necessary and sufficient condition for a Riemaimian space Ki to admit a 
special conformal collineation (SCC) is that there exists an irffinitesimal transfor-
mation (31) such that 
^^^k = ^j(^;k + Si(T.j - 9jk9''(T,i , (T.jk = 0 (43) 
(xiv) Maxwell Collineation (MC) 
The electromagnetic field inherits the symmetry property of spacetime defined 
by 
£e^v = F^j^kt + F,,^ + F,,^^ = 0 (44) 
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where F^^ is electromagnetic field tensor then transformation called as Maxv^ 'ell 
coUineation. 
(xv) Torsion CoUineation (TC) 
A torsion coUineation (TC) is defined to be a point transformation (31) leaving 
the form of the Nijenhuis tensor invariant, i.e. 
£^N;, = 0 (45) 
where N^^ denotes the Nijenhuis tensor of the electromagnetic field and is given 
by (Ahsan [8]) 
(xvi) Mat te r CoUineation (MTC) 
A matter coUineation is defined to be a point transformation x'^ —> x* + e'di 
leaving the form of the space-matter tensor P^ invariant. That is 
^A = 0 (46) 
where P^ is the space-matter tensor given by (Ahsan [11]) 
PL = Cti+ {s^Rbc - S^RM + gt^R'^ + gbcRd) + {l^ + ^) {^C9M - S'^gu) (47) 
(xvii) Total Radiat ion CoUineation (TRC) 
A nuU electromagnetic field admits a total radiation coUineation (TRC) if 
£^^Tij = 0 (48) 
where Ty = (fy^kikj , ki is a tangent vector, 
(xviii) Curvature Inherit£ince (CI) 
A Riemannian space K, of n dimension is said to admit a symmetry which we 
call curvature inheritance (CI) if the Lie derivative of i?^^^ is proportional to R^^^^ 
i.e. 
£Rt^ = 2aRl^ (49) 
where a is a constant. For a = 0 CI reduces to CC. 
(xix) Ricci Inheritance (RJ) 
If 
£/?^ = 2aRab (50) 
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Then a Vn is said to admit Ricci Inheritance (RI), where a is a constant. For 
a = 0, RI reduces to RC ([16]). 
xx) Maxwell Inheritance (MI) 
The transformation (31) is called Maxwell Inheritance (MI) along vector ^ if 
Lie derivative of electromagnetic tensor field Fy is proportional to F^. That is 
£^Fij = 2fiFy (51) 
where fi is a constant fmiction. If f^  = 0, then MI reduces to MC. 
(xxii) Null Geodesic Collineation (NC) 
The space 14 admits NC if and only if 
£^r;., = gjkr^.,m (52) 
(xxiii) Special Null Geodesic Collineation (SNC) 
The space Ki admits SNC if and only if 
£fr}fc = 9jkr'^.,m , ^;ifc = 0 (53) 
(xxiv) Family of Contracted Ricci Collineation (FCRC) 
The perfect fluid spacetimes including electromagnetic field which admit sym-
metry mapping belonging to FCRC have been studied by Norris et al.[60] and a 
Vn admits FCRC if and only if 
g''£^Rij = 0 (54) 
Remark: A block diagram depicting the possible cormections between the above 
mentioned symmetries is given on the next page. 
WPC 
PC 
"T 
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RC 
cc I 
/ 
/ 
I 
sec 
_ _ — 
SConfC ConfC 
SNC 
S Conf M ConfM 
AC 
HM 
M 
P 
-> + — + 
14 
W Conf C 
- 0 C 
0— 0 0*-
O 1 
1 
MC 
• - 0 
+ — —+ — 
TC 
• — + 
I 
Block diagram for symmetries of the spacetime and their relationships. 
— Vn - Riemann space 
Vn ° - all Vn with Rij = 0 
Vn °all Vn with Rij = 0 except Petrov type A/ 
V4-non-nullemf 
- 0 - 0 - 0 - V4 - null emf along propagation vector 5 
- + - + - + - V4 -null emf along polarization vector t with t as expansion-free 
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CHAPTER II 
THE TETRAD FORMALISM 
1. INTRODUCTION: 
The standard way of treating problems in general theory of relativity (GR) is to 
consider the Einstein field equations (EFE) in a local co-ordinate basis adapted 
to the problem with which one is working. In recent times it has been proved 
advantageous to choose a suitable tetrad basis of four linearly independent vectors, 
to project the relevant quantities on to the chosen basis and consider the equations 
satisfied by them. This is tetrad formalism. 
In the apphcations of the tetrad formalism, the choice of the tetrad basis de-
pends on the symmetries of the spacetime with which we are working, and to some 
extent is the part of the problem. Such tetrad formaUsms are often used in GR 
to simphfy many calculations. The important examples are the NeAvman-Penrose 
and the Geroch-Held-Penrose formaUsms (or in short NP and GHP formaUsms). 
A detailed account of these formalisms along with their apphcations are given in 
this chapter and III, respectively. 
In this chapter, we have given the details of the tetrad formalism in general 
relativity. This approach will be used to develop the NP and GHP-formalisms in 
the subsequent chapters. 
2. THE TETRAD REPRESENTATION: 
At each point of the spacetime, we set a basis of four contravariant vectors 
ei„)(a = 1,2,3,4) (1) 
where indices enclosed in paranthesis, such as (a),(b),(c),(d) etc. are the tetrad 
indices and i,j, k, I etc. are the tensor indices. Prom equation (1) and the metric 
tensor g^, the covariant vector is 
ec„\i = -,fc a)i = gik%) (2) 
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Also, 
J Jb) _ c(6) J Ja) _ 
where ef ^  is the inverse of the matrix [e^)] (with the tetrad index labelling the 
rows and tensor index labelling the columns). Further assvime that 
e(a)e(6)i = V{a){b) (4) 
where rj{a){b) is constant symmetric matrix. 
If 7;("^ ('') is the inverse of the matrix K7(a)(6)J) then 
Also, 
'7(a)(b)ei° = e ( 6 ) i 
,(a)(b)^, . . - ^ W r^ -^^ '^-^ e^ ,), = er^ (6) 
e(a)ief ^  = gij (7) 
To obtain the tetrad components of a given vector or tensor field, we project it 
onto the tetrad frame and thus 
A' = ej„)^(") = e(«^M(„) 
Ai = e^^A^a) = e(a)i^ ^"^ (8) 
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and 
7(a)(6) = ela)^(b)'^ij = ela)'riib) 
- i - J 
lij = Cj 'Bj ' /(a)(6) = e) i (a)j 
r^ = eJ„)eJ3T(")('') = ej^ r^^ '')^ - (9) 
Remarks: 
(1) If in the above considerations, the basis vectors are orthonormal, then 
(^a)(6) = diag(l, - 1 , - 1 , -1 ) = 
1 0 0 0 
0 - 1 0 0 
0 0 - 1 0 
0 0 0 - 1 
(2) (i) 7/^ °^ *^^  and (^a)(6) can be used to raise and lower the tetrad indices even as 
the tensor indices are raised and lowered with the metric tensor. 
(ii) There is no ambiguity in having quantities in which both tetrad and tensor 
indices occur. 
(iii) The result of contracting a tensor is the same whether it is carried with respect 
to its tensor or tetrad indices. 
3. DIFFERENTIAL MANIFOLDS AND RELATED TOPICS: 
Differential manifolds are the most basic structures in differential geometry. In-
tuitively, a n-dimensional manifold is a space M such that any point p e M has a 
neighbourhood u C M which is homeomorphic to an open set in E". To have a 
precise mathematical definition , we need some terminology. 
A chart (u, ^) on M consists of a subset u of M with a map 
(p : u —>• E^ (one-one and onto or an open subset of £"*) 
such that (j) assigns to every point p e u an n-tuples of real variables {x^,x^, , a;") 
the so called local co-ordinates of p. 
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Two charts (u, 0) and (u', ^') are said to be compatible if the map (^  o (/> on 
the image 0(u n u') of the overlap of u and u is continuous and one to one and 
having a continuous inverse (i.e., homeomorphic) (Fig 1). 
F ig l 
An atlas on M is a collection of compatible charts (UQ, <f)a) such that every 
point of M lies in atleast one chart neighbourhood Ua- Mostly it is not possible to 
cover the manifold with a single chart, (eg. n-dimensional sphere). We thus have 
Definition 1: A n-dimensional (topological ) manifold consists of a space M 
together with an atlas on M. It is a (C* or analytic) differential manifold if the 
maps <f)o (f)~^ relating different charts are not only continuous but differentiable 
(respectively, C*^  or analytic) also. In this case the co-ordinates are related by 
n-differentiable (C*^  or analytic) functions with non-vanishing Jacobian matrix at 
each point of the overlap 
9x' 
.^ ' = ."(^),det^U0 (10) 
4. DIRECTIONAL DERIVATIVES AND RICCI ROTATION 
COEFFICIENTS: 
In general , a vector can not be considered as an arrow connecting two points of 
the manifold. To have a consistent generalization of the concept of vectors in E", 
the vectors on M has to be identified with tangent vectors. 
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Definition 2: A tangent vector v at p is an operator (linear functional) which 
assigns to each differential function / on M a real number v( / ) . This operator 
satisfies the following properties: 
(a) v ( / + h)= v ( / ) + v{h) 
{h)v{fh)=hy{f)+hv{h) 
(c) v(c/) = cv(/) , c is constant 
Thus for any constant function c it follows that v(c) = 0 . The above definition 
is independent of the choice of the co-ordinates. A tangent vector is just the 
directional derivative along a ciurve 7(4) through p, expanding any fxmction / in 
a Taylor series at p and using above definition it can be shown that any tangent 
vector v at p can be written as 
v = < ' ' ^ (11) 
The real coefficients u' are the components of v at p with respect to the local 
co-ordinate system {x^,x^, x") in a neighbourhood of p. Prom equation 
(11), the directional derivative along the co-ordinate lines at p form a basis of 
a n-dimension vector space whose elements are the tangent vectors at p. This 
co-ordinate basis or holonomic frame. 
Definition 3: The contravariant vector e(a), considered as the tangent vector, 
defines the directional derivative 
«W = ^ ( a ) ^ (12) 
and we write 
A i ^4> i , / X 
' ^ ' ( a ) = e ( a ) ^ = e ( „ ) < ^ , i ( 1 3 ) 
[the tangent vector/directional derivative defined by equation (11) leads to 
equation (12) ] 
where (/> is any scalar field, a comma indicates partial differentiation and semi-
colon denotes the covariant differentiation. 
In general, using equation (13) we define (cf. [20]) 
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A, (a),(6) 
d 
Aa) 
. d 
= e ^ '^dx^ Ha)M f^ ^^ S^ ^ - ^^ J^ 
= eU^dMaM 
= e 
=(b) 
i 
(6) 
(14) 
[According to V;^/ = Xf = ^ ' ^ and Vx ( / ? ) = (Vj^/)F + / (V;^f) it may 
be noted that in a local co-ordinate basis dk and VQ^ when acting on functions 
coincides with partial differentiation with respect to x'']. 
We define 
7(c)(a)(6) = e(^)e(„)fc;ie(6) (15) 
as Ricci rotation coefficients and equation (14) can now be written as 
A^aUb) = 4 ) ^ : / ; ' ^ ( a ) + 7(c)(a)(6)^^'^ (16) 
Ricci rotation coefficients defined through equation (15) can be equivalently be 
written as 
(c) (b) 
e(a)k;i = Gfc 7(c)(a)(6)ei (17) 
It may be noted that the Ricci rotation coefiicients are antisymmetric in the fiist 
pair of indices. That is 
7(c)(a)(6) = -7 ( a ) ( c ) (6 ) (18) 
Using equation (18) in equation (17), we get 
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e{a)k;i = e'j^^'y{c)(a){b)ei'^ = lk{a)i (19) 
which due to the antisymmetry of the Ricci rotation coefficients leads to 
eUi = -lUi (20) 
Now, from equation (16), we have 
^U^rAb) = ^(a),(6) - T(c)(a)(6)>l^ '^  
= ^(a)|(6) (21) 
where 
A(„)|(6) = A(„),(b) - rj(")("')7(n)(a)(b)A(^) (22) 
is called the intrinsic derivative of A(Q) in the direction of 6(6). 
Prom equation (21), we have 
or, 
A,j = eS°)^(a)|(6)ef (23) 
Equation (23) gives the relation between directional (covariant) and intrinsic 
derivatives. 
Lemma : The evaluation of Ricci rotation coefficients does not involve the 
evaluation of covariant derivatives (and thus the evaluation of Christoffel symbol 
is not required). 
22 
Proof : Define a symbol ^(a)(b)ic) which is antisymmetric in the first and last 
index as 
A(a)(6)(c) = e(6)i;j [4a)ic) " iaAc)] (24) 
which can be written as 
A(a)(6)(c) = [e{b)i;j - e(f,)j;i] e|„)e;[^ j (25) 
But from equation 
We can replace the ordinary (partial) derivatives of e^^ji and e(b)j by the covariant 
derivatives and we have 
A(a)(6)(c) = [e(6)i;i " e(6)j;ij 6(^)6^^) 
= 7(o)(6)(c) - 7(c)(6)(a) (26) 
Prom equation (26) we have 
1 
7(a)(6)(c) = 2^\am(c) + A(c)(a)(fc) + A(6)(c)(a)] (27) 
Also, from equation (24) we see that X(a)(b)(c) does not involve Christoffel symbols 
and thus equation (27) does not require calculation of Christoffel symbols and 
hence the evaluation of Ricci rotation coeflBcients does not involve the evaluation 
of covariant derivatives. 
Also, 
A(a)(6)(c) = -A(c)(6)(a) (28) 
5. THE COMMUTATION RELATION AND THE STRUCTURE 
CONSTANTS: 
Given any two vector fields X,Y their Lie bracket is defined as 
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and 
[X, Y]f= (XY -YX)f = X (Yf) - Y (Xf) 
£^Y = [X,Y] = -[Y,X] = -£YX 
[X, Yf = X'^Yl - r^Xffc (in a local co-ordinate system) 
(29) 
Consider the basis e(a), we have 
and 
e(a),e(b) 
^(a)(6) 
'-'(a)(b)^(c) 
_ _^W 
= -c (6)(a) 
where C^a)(b) ^^ ^^^ structure constants and are twenty four in number. 
Also, 
e(a),e(6)] / = ej„) [ej„)/,j ] ,i -ej^) [ej^)/,i ] . 
= bUib);i - 4b)iay,,] f,J 
•7(6)(a) + 7(a)(b)] ^ W'^ f^^^S equation (21)] 
(30) 
(31) 
From equations (30) and (31), we have 
.(c) 
.w (c) 
^(a)(6) - 7(6)(a) " 7(a)(6) (32) 
Equation (32) provides the commutation relations. There are twenty four com-
mutation relations. 
6. THE RIEMANN CURVATURE TENSOR: 
The tensor R^ -^;;. defined through the Ricci identity 
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where 
is known as Riemann Curvature tensor. Its covariant form can be written as 
and thus 
Rhijk^{a) = ^(a)i;j;fc " Ha)i;k;j (33) 
From equation (22) the intrinsic derivative of the Riemann Curvature tensor is 
R(o.){b){c){d)\{f) = ^jkl;mela)^^t)%)^{dfTf) 
which can alternatively be written as 
R, a)(6)(c)(d)|(/) 
+Rijkl4a)4bAcAdy,meTf) (34) 
Using equation (20), equation (34) reduces to 
R{a){bXc){d)\if) = Ria){b)(c)(dUf) - Rijknla)m^{bf(cAdfTf) 
-RiJkiela)y[t)m^(cAd)^Tf) ~ ^3kl4aflb)l^{c)m^(dfTf) 
-tUjkl%)%)%)l{d)m^{f) 
Now using equations (8) and (9), the above equation reduces to 
R{a){b){c){d)\{f) = R{a)mc)(d),{f) - Ri{b){c){d}Y{a)m^'{}) 
'R(a)Jic)(d)'flb)m^Jf) - -R(a)(b)fc(d)7fc)m^(/) 
--R(a)(6)(c)/7(d)me(/) 
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Using equation (6), above equation further reduces to 
R{aXb){c)id)\{f) = R(a)(b)(c){dUf) - '7^^^^^[7(p)(a)(/)-R(g)(6){c)(d) 
+7(p)(6)(/)^(a)(9)(c)(d) + 7(p)(c)(/)-R(a)(&)(g)(d) 
+7(p)(d)(/)i?(a)(6)(c)(g)] (35) 
which is analogous to equation (22). 
The tetrad representation of the Riemann Curvature tensor Rhijk is given by 
= [e(a)i;r,k - e(a)i;fc;i]e(6)ejc)efd) [using equation (34)] 
which from equation (19) reduces to 
R(am(c)(d} = {[eF^7(/)(a)(5)eJ^ ]^;fc - [eF^7(/)(a)(p)4''^ ];i}e|fc)e;^ )efj) 
= {eij7(/)(a)(p)ef + ey\(fKa)(gy,kef + e\^^ ^ i^f)^a){9)e% 
-4?7(/)(a)(ff)ej^^ - eK^(/)(a)(5);jelf^ - eK^7(/)(a)(s)eg}eJb)eJ,)ef^) 
Using equation (18) and after simphfication, we get 
R{a){b){c){d) = -7(a)(/)(<,),A:e!^ ^4^^e|i)eJ^ ^ef^ ) +7(a)(/)(5),,-eK^eif^ ej6)e '^,)efrf) 
id) !if)ia)i9)\^i;j ^k + ^i ^k;jl^{b)^(cf( 
-7(a)(/)(p),^e(d)^(5'7(5 + 7(a)(/){<,)jeJ,)??J5?^S 
-(d) +7(/)(a)(.){e5?^eK)-egeP}eJ,)eJ,^ef 
-7(a)(/)(p),fcef,)ry{,^ )^ r/g + 7(„)(;)(<,),fce|^ )r^ [f^ T^7gJ 
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+7(/)(a)(5)i7ifc Sj - 7 y Gfc ^C^f^f^^^e^^^ 
+7(/)(a)(p){7]f- - 7i?}ePei,)eJ,)ef,) 
R{a)ib)ic)id) = -7(a)(6)(c),(<i) + 7(a)(6)(d),(c) + 7(/)(a)(s){7(6^Xd)^(c)* - 7(/)(c)'7(d)} 
+7{/)(a)(,){7{c)(d) - 7(d}(c)}^(6? 
= -7(a){6)(c),(d) + 7(a)(6)(d),(c) + 7(6)(a)(s){7(cKd) " 7(d)(c)} 
+7(/)(a)(c)7(S<i) - 7(/)(a)(c)7(bXc) (36) 
Equation (36) is antisymmetric in the pair (c) and (d). Also, since the Ricci 
rotation coefficients are antisymmetric in first pair of indices, the total number of 
equations in equation (36) are 6x6=36 
The Bianchi identities 
-Rtj[fei;m] = q {Rijkl;m + Rijlm;k + Rijmk;l) = 0 
when written in terms of intrinsic derivatives and tetrad components can be 
expressed as 
%)(b)[(c)(d)|(/)l = 7 S {%)(b)(c)(d),(/)-^^"^^'"^[7(n)(a)(/)^(m)(6)(c)(d) 
^ [(c)(d)(/)l 
+7(n)(6)(/)^(a)(m)(c)(d) + 7(n) (=)(/)%) (6) (m)(d) 
+l{n)(d)[f)R(a)(b){c)(m)]} (37) 
The Bianchi identities includes 24 distinct equations corresponding to six 
distinct index pairs (ij;« 7^  i ) , each of which can be associated with the four 
choices iox k ^ I ^ m. However only 20 of these 24 equations are linearly inde-
pendent. 
Thus, the basic equations of the tetrad formalism are 24 commutation relations 
[equation (30)], the 36 Ricci identities [equation(36)] and 20 linearly independent 
Bianchi identities given by [equation (37)]. For further details and related results 
on this tetrad formalism, see also ([20]). 
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7. T H E N E W M A N - P E N R O S E FORMALISM: 
The Newman-Penrose formalism (also known as spin-coefficient formalism) is a 
tetrad formalism with a special choice of the basis vector. The beauty of this for-
malism, when it was first proposed by Newman and Pemose in 1962, was precisely 
in their choice of a null basis which was customary till then. The imderlying mo-
tivation for a choice of null basis was Penrose's strong behef that the essential 
element of a spacetime is its hght cone structure which makes possible the in-
troduction of a spinor basis. The expanded system of equations connecting the 
spinor components of the Riemann curvature tensor with the components of the 
spinor connections (spin-coefficients) has become known as the system of Newman-
Pemose equations (or NP-equation, briefly). It is possible that formalism may 
look somewhat cvmabersome with long formulas and tedious calculations, and 
usually creates some psychological barrier in handling and using NP-method, 
but once the initial htudle is crossed, the formalism oj0Fers deep insight into the 
symmetries of the spacetime. 
However, from the time elapsed since its first appearance in 1962, the via-
bility and convenience of NP formalism have become established. Moreover, in 
the modern hterature, it is generally accepted and widely used. What is the 
reason for such popularity of NP formalism? Apparently the main reason consists 
in its adequacy and internal adaptability for constructing the exact solution of 
Einstein field equations and for other investigations. In particular, this formalism 
is convenient for the study of algebraic gravitational fields (cf., [6], [10], [47], [49], 
[67]). 
It is well known that the Weyl tensor determines a set of principal hght like 
vector (pnd) the mutual position of which is directly related to the algebraic types 
of gravitational fields. The integral curves of (pnd) principal hght like vector 
fields form a family (congruence) of fight curves on the spacetime manifold. The 
properties of such congruences can lead to a clasification of gravitational fields 
[33]. If a field of complex fight tetrad is chosen so that one of the two real Hght 
-fike vectors of the tetrad coincide with the so called optical scalars. The NP 
equations, in such case, which relate different optical scalars among themselves, 
provide a complete definite geometric meaning and are helpful in obtaining the 
solutions Einstien field equations. 
When a complex null tetrad is used to describe the geometry of the spacetime 
then NP equation provide a considerable simphfication in the equations. The 
use of a complex null tetrad and the choice of the light co-ordinates makes the 
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NP formalism a convenient tool for the description of a massless fields (photons, 
neutrinos) and gravitational fields. 
The NP equations have proved fruitful in studying the asymptotic behavior 
of the gravitational fields [61]. Prom the definition of asymptotic flatness and the 
use of NP system it is possible to study the behavior of the fields at infinity ([61], 
[33]). These methods along with the idea of conformal infinity, enable Hawking 
to study the gravitational field of a black hole [33]. 
Newman and co-workers [48], establish the relationship between the 
as5anptotic properties of the gravitational field and the nature of the motion of 
a body generating the field. In this relationship the integration of NP equations 
plays an important role. 
This formalism has been used by Ahsan [9] in investigating the symmetries of 
the electromagnetic fields and it is found that radiative electromagnetic fields al-
ways admit Maxwell collineation. (i.e. £Fij = 0). In 1998, Zecca [75] formulated 
Dirac equation in an empty spacetime, namely the static spherically symmetric 
Schwarzchild geometry is considered. To incorporate the curvature into the in-
herently spinor Dirac equation, the author uses the the NP formalism. Later 
on in 2001, Astefanoaei et al. [18] investigate the pp gravitational waves and to 
analyze nuU and non-space like geodesic, emphasizing the behavior of a test peir-
ticle on a spacetime structure with plane symmetry. With this aim they use the 
NP and Lagranges formahsm and calculate the spin coeflScients, the directional 
derivatives and the commutators. Prom the NP equations they also calculated 
the tetradic components of the Ricci and Weyl tensors. While Jing, Jihang [43] 
in 2002 studied the Hawking radiation arising from the electromagnetic field in 
the Kerr-Newman black hole by using the NP formalism. In the same year, Li, 
Zhong Heng [78] studied the gravitational, electromagnetic , neutrino and scalar 
fields in the Schwarzchild-de Sitter space time using the NP- formalism. In 2003, 
Maftei and Astefanoaei [54] have calculated the spin coefiicients, the directional 
derivatives, the tetrad components of the Ricci and the Weyl tensor in the null 
tetradic base {ea} = {m,fh,l,k}axid verify the commutation relations for the 
metric ds^ = a^ (e^^d^^ + e'^^'dri^^ + e^ MR^ - e '^^ dT .^ This metric present special 
(cyhndrical and planar) symmetries. Here the gravitational field propagates as 
pp gravitational waves. The metric is of Petrov type N. The gravitational field 
is radiative and propagates as a transversal gravitational wave in the k direc-
tion. On the other hand, Ludwig and Edgar [53] presented an efiicient technique 
for finding Kilfing, homothetic; or even proper conformal KilUing vectors in NP 
formahsm. Zecca [77] discussed the Lagrangian formulation of the scalar-field 
equation in context of the NP formahsm with torsion. Here the scalar Riemann 
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curvature is decomposed in a way that adapts to a preliminary decomposition of 
the torsion spinor. He [76] further derived the Dirac equation in a curved space-
time with torsion using the two components spinor notation. The gravitational 
part of the Lagrangian is decomposed in a form that is adapted to NP formahsm. 
The locally rotationally symmetric (LRS) spacetimes which are purely magnetic 
have been studied by Lozanovski [50] using NP formalism. He has also studied 
the Dirac equation corresponding to uniform electromagnetic field spacetime with 
charge couphng. 
Motivated by such vast applications of NP formahsm, this section is devoted to 
the study of this formahsm. The notations and conventions have already appeared 
in previous sections. 
8. COMPLEX NULL TETRAD AND THE SPIN COEFFICIENTS: 
Instead of the orthonormal basis {e[x)^^{y)^^{z),^{t)}•, Newman and Penrose have 
chosen a null basis comprising of a pair of real null vectors T and rf and a pair of 
complex conjugate null vectors m' and m* such that 
rrrii = Prrii = n^rrii = rCmi = 0 (38) 
rii = n^Ui = ni^mi = wH'mi = 0 
and the normalization condition 
tui = 1 , m^mi = — 1 
(39) 
(40) 
The fundamental matrix represented by ??(a)(6) is a constant symmetric matrix of 
the form 
r?(a)(b) .WW 
0 1 0 0 
1 0 0 0 
0 0 0 - 1 
0 0 - 1 0 
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The null basis {r,n\m\m^} and the orthonormal basis eL^ are related through 
the equations 
6(1) = r = -7E{e^t) + e(^)) , e(2) = n' = -;=(e(t) - £(,)) 
'(3) 
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and the corresponding covariant basis is given by 
e(i) = 6(2) = re , e(2) = e(i) = t 
(43) 
g(3) _ _ g ^ ^ ^ = _ , ^ « ^ g(4) _ _ g ^ ^ ^ _ _y j^ t 
The basis vectors, regarded as the directional derivatives [cf., equation (12)], are 
obtained as (cf. [20]) 
^  = ^' = ^  = 't^^^ = ^ ' = ^  = ^ 't 
(44) 
4 f i ^ 3 c - i ^ 
Once a field of complex null tetrad is assigned in spacetime, the tetrad formalism 
can then be used for describing geometric objects. 
The metric tensor in terms of null tetrad are given as 
g^j = ej^ jejj)//^ ")^ '') = fn' + n'P - m'fh^ - fh'm' (45) 
and 
Qij = e(a)ie(fc)jT7^ "^ '^'^  = kuj + Uilj - fhirrij - Tfijmj (46) 
where 
r}(a)(b) = e^a)ie{b)jg"^ (47) 
In terms of the complex null tetrad the twelve complex functions, known as 
spin-coefficients, are defined through the Ricci rotation coefficients [cf., equation 
(15)] as 
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1^ = 7(3)(i)(i) = e(3)e(i)i;jeji) 
T = 7(3)(i)(2) = li-jm'n^ 
^ = 7(3)(i)(3) = k-jm'm' 
P = 7(3)(i){4) = li^jrdfn? 
TT = 7(2)(4)(i) = -ni-jfh'F 
^ = 7(2)(4)(2) = -ni.jfh'n^ 
t^ = 7(2)(4)(3) = -ni-jTh'TTv' 
>^ = 7(2)(4)(4) = -ni-jTh'Th? 
= ^{lijn'P - rrii.jfnH^) (48) 
= - {li-ju'ri^ - mi.jm'n^) 
= - {li-jn^'mP - mi.jfh^m^) 
= o {li-jin^fhP - mi.jfh^m^) 
It may be noted that the complex conjugate of any quantity can be obtained by 
replacing the index 3, wherever it occurs, by the index 4, and conversely. 
9. T H E W E Y L , T H E RICCI A N D T H E R I E M A N N T E N S O R S : 
The Riemann tensor is defined through the Ricci identity as 
RjkiAi = Aj,k;i - Ay^i-k (49) 
For Riemann tensor, we have 
Rijkl = —Rjikl, Rijkl = —Rijlk, R{ij){kl) = R{kl)(ij) 
Rijkl + Riklj + Riljk = 0 (50) 
The Riemann tensor, Rijki is antisynmietric in both pair of indices [ij] and [kl) 
and it is tmchanged by a simultaneous interchange of the two pairs of indices 
[ij) and (kl). These symmetries lead to the construction of the Ricci tensor (by 
contraction) and the Ricci tensor is defined as 
Rik = g^'Rijkl (51) 
The Riemann tensor can be separated into a trace free and a Ricci Part and this 
separation is estabUshed by the Weyl tensor (in n dimension) as 
Cijki = Rijkl ~^{9ikRji + QjiRik — QjkRii — QiiRjk) 
ft £i 
i9ik9ji - 9ii9jk)R (52) ( n - l ) ( n - 2 ) 
so that in 4-dimension, the Weyl tensor is related to the Riemann and Ricci tensors 
through the equation 
Cijki = Rijkl - 2i9ikRji + 9jiRik - 9jkRii -guRjk) 
+-^{9ik9ji ~ 9ii9ik)R (53) 
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where R = g^^Rij 
The Weyl tensor has all the symmetries of the Riemann tensor and also has the 
property that g^^Ciju = 0 in contrast to g^'^Rijki = Rik- The Riemann tensor 
has 20 independent components, while the Weyl and the Ricci tensor have 10 
independent components. The Weyl tensor is the trace free (i.e. the contraction 
with each pair of indices is zero) part of the Riemann tensor and the relationship 
between the tetrad components of the Riemann, the Weyl and the Ricci tensors 
is given by 
Robed — Cabcd " p {VacRbd + 'HbdRac — VbcRad — VadRbc) 
+-iVacr]bd - r]ad'nbc)R (54) 
where R^ denotes the tetrad components of the Ricci tensor and the Ricci scalar 
curvature R. 
Rac — V Rdbcd T R = V"' ^ ab = 2 ( i ? i2 — RSA) (55) 
Since Cabcd is trace-free (there are only 10 real components of the Weyl tensor) 
?7 Cabcd = 0 = Ci6c2 + C'26cl — Czbci — QbcS (56) 
and the cychc condition leads to 
C'l234 + C'l342 + Cu23 = 0 (57) 
Taking b = c (b,c = 1,2,3,4) in equation (56), we get 
C'l314 = ^^ 2324 = C'l332 = (^ 1442 = 0 (58) 
while taking b 7^  c in equation (56) and using equation (57), we get 
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C'l231 = C'lSSA - ^ 2 4 1 — Cu43 , C'i232 — C'2343 
Ci242 = C'2434 1 ^"1212 = C3434 (59) 
C'l342 = •;^(C'l212 — C'1234) = ^(C'3434 — C'1234) 
From the decomposition of the Riemann tensor and its symmetries, the various 
components of the Riemann tensor, the Weyl tensor and the Ricci tensors are 
given by 
C1212 = -^1212 — -R12 + 7-^) C'laW = -??1213 — 0-^13 
0 Z 
Ci22Z = Rl22Z + ^ - ^ 2 3 ; C'l234 = -^1234 
C'l313 = ^1313) C'l3X4 = 0 = i?i3i4 — ^ ^ 1 1 (60) 
(^1323 = 0 = -Ri323 + ^-^33) C'l324 = -^1324 " 'Tn^'^'^ 
C1334 = -R1334 ~ ^ - ^ 1 3 , ^"2323 = -^2323 
C2324 = -^2324 ~ ^-^23,C'3434 = -^3434 
and the additional complex-conjugate relations obtained by replacing the index 3 
by the index 4 and vice-versa. 
In NP formalism, the ten independent components of the Weyl tensor are 
represented by the five complex scalars, 
*o = -Ci3i3 = -Cpg^/^rnVm" 
*2 = -Ci342 ^-Cpgrsl^m'^fn^n' (61) 
*3 = -Ci242 = -Cpqrsl^n'^rfi^n' 
^4 = -^^2424 = -Cpqrsn''m'^n''fh^ 
The tetrad components of Weyl tensor have the following algebraic properties 
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(a) If ^0 / 0 and the others are zero, the gravitational field is of Petrov type N 
with n' as the propagation vector; 
(b) If ^1 7^  0 and the others are zero, the gravitational iield is of Petrov type III 
with n' as the propagation vector; 
(c) If ^2 7^  0 and the others are zero, the gravitational field is of Petrov type D 
with r and n' as the propagation vector; 
(d) If 'I'3 7^  0 and the others are zero, the gravitational field is of Petrov type III 
with r as the propagation vector; 
(d) If ^4 7^  0 and the others are zero, the gravitational field is of Petrov type N 
with /' as the propagation vector. 
By a propagation vector, we mean a repeated principal null vector. 
If 'J'o = ^1 = 0 the gravitational field is said to be algebraically special (all Petrov 
types except I). A type I gravitational field is called algebraically general. 
The physical interpretation of '^r ('^  = 0,1,2,3,4) is given as : 
'i'4 represents transverse wave component in n' direction; 
^3 represents longitudinal wave component in n* direction; 
^2 represents coulumb component in n' direction; 
^1 represents longitudinal wave component in Z' direction; 
'fo represents transverse wave component in /' direction; 
The ten components of the Ricci tensor are defined in terms of following four 
real and three complex scalars; 
^22 = " ^ - ^ 2 2 
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^02 = -^ -^33 = ^20 
$11 = -\{Rl2 + R3i) (62) 
*o i = - 9 1 ^ = * io 
^21 = ~'2^'^^ 
A = -^R = j^{Ri2 - R34) 
10. THE COMMUTATION RELATION: 
Consider the commutation relation [cf., equations (30 , 32)] 
[e(a), 6(6)] = {n/cba " Icabje" = C^Cc (63) 
Put a = 2, b = 1, then from equation (44), the left hand side of equation (63) 
becomes 
[e(2), 6(1)] = 6261 - 6162 = AD - DA = [A, D] 
and equation (63) can thus be expressed as 
(AD-DA) = (7ci2-7c2i)e' 
= (7112 - 7i2i)e^ + (7212 - 722i)e^ 
+(7312 - 7321 )e^ + (7412 - 7421 )e' ' 
Since 7112 = 0 and 7221 = 0, above expression reduces to 
{AD - DA) = -71216^ + 72216^ + (7312 - 732i)e^ + (7412 - 742i)e'^ 
= -7121A + 722i£> + (7312 - 732 i ) ( -^ ) + (7412 - 742i)(^) (64) 
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Now using the definition of the Ricci rotation coefficients [cf equation (15)] and 
equation (48), we get 
(AD - DA) = (7 + 7 ) ^ + (e + e)A - (f + n)6 - (r + 7r)6 (65) 
In a similar manner we have 
6D - D6 = {a + /3 - 7r)D + KA - a6 ~ (p + e - e)6 {%) 
6A~A6 = -vD + (r - a - /3)A + A6 + (M - 7 + 7)<5 (67) 
86-66={ji- p)D + {p- p)A -{a- (3)8 - 0 - a)6 (68) 
11. THE RICCI IDENTITIES (NP FIELD EQUATIONS): 
By considering the various components of equation (36), we can write down a 
total of 36 equations. But in NP formahsm it is sufficient to write only half the 
number of equations (by omitting to write down the complex conjugate of an 
equation). Before writing down the whole set, let us work out how we can obtain 
such equations. We have from [equation (36)] 
Rabcd = - l{a) [b) (c), id) + 7(a) (6) (d), (c) + 7(6) (a) {g) {7(c) (d) ~ ^id) (c)} 
+7(/)(o)(c)7(/)(d) - 7(/)(a)(d)7(6^){c) (69) 
For example, consider (1313) component of above expression, 
-fi^ l313 = C'i3i3 = — ^ 0 = ~7l31,3 + 7l33,l 
+731s{7f3 - 731} + 7/11733 - 7/13731 
= -7131,3 + 7133,1 + 7311 {7i3 - 731} + 7312{7l3 " 7 l l } 
+7313{7?3 - 7f l} + 7314(7^3 - 731} + 7111733 + 7211733 
+7311733 + 7411733 - 7ll373\ " 7213731 " 7313731 -7413731 
On further solving, we get 
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-^0 = C'laiS = R\313 = 7l33,l ~ 7l31,3 
+7133(7121 + 7431 - 7413 + 7431 + 7134) 
-7131(7433 + 7123 - 7213 + 7231 + 7132) 
Now substituting for the directional derivative (equation (44)) and spin-coefficients 
(equation (48)), we obtain 
Da-6K = <T(3e - e + p + p) + K(7f - r - 3/3 - a) + *o 
The complete set of 18 equations are given below, in each case we have 
indicated the components of the Riemann tensor which give rise to that particular 
equation. 
Dp-6K = {p^ + aa) + (e + e)p - Rr - /C(3Q; + /3 - TT) 
+^oo,[i?i3i4] (70 a) 
Da — 6K = o-(3e -e + p + p) + «;(7r — r — SP — a) 
+%, [Rnu] (70 b) 
DT — A K = (r 4- 7f) /9 + (f + TT) cr + (e — e) r — (37 + J)K 
+ ^ 1 + $01, [^ 1312] (70 c) 
Da — 6e = (p + e — 2e)a + f3(T — (3e— KX — KJ + {e + P)TT 
+^10, [2(^3414-i2i2i4] (70 d) 
Dp -6e = {a + TT) a + (p - e)P - (fj, + 7)«; - (a-Tr)€ 
+ ^ 1 , [2(^1213-^3413] (70 e) 
D^- Ae = (r + 7f) a + (f + TT) /? - (e + e) 7 + TTT - Z//C 
+ *2 - A + $11, [2(^1212 - i?3412] (70 f) 
DX-6TT = {p\ + au) + 'K'^+ {a-p)%-UK-{Ze-e)X 
+^20, [ii:244l] (70 g) 
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Dfi - STT = (pfj, + aX) + TTTT - (e + e) // - 7r{a - (3) - VK 
+ * 2 + 2A, [i2243i] (70 h) 
Dv — ATT = (TT + f) /x + ( t + r ) A + (7 - 7)7r - (3e + e)v 
+ ^ 3 + *21,[ii;242l] (70 i) 
A A - ^ i / = - ( / i + / 2 ) A - ( 3 7 - 7 ) A + (3a + ^ + 7 r - f ) i / 
- ^ 4 , [^ 2442] (70 j) 
6p-6a = p{a + (3)- o-(3a - ^) + (p - P)T - (/i - p)n 
-"^i + ^oiARiuz] (70 k) 
6a-6/3 = {lip - Xa) + aa +1313 - 2ap +-yip - p) + e{n - i?) 
- ^ 2 + A + $11, [- (iJi234 - -R3434)] (701) 
a - < 5 / / = -{p-p)u + {fi-fi)ir + iJiia + p) + X(a-3P} 
- ^ 3 + ^21,[i22443] (70 m) 
6i>- Afi = {p,^ + A)A + (7 + 7)/i - i/TT + (r - 3/3 - a)i/ 
+ $ 2 2 , [^2423] (70 n) 
67 - A/3 = {T - a - 13)^ -\- pT - av - eu - ^^(7 - 7 - //) + aA 
+^12) [x (^1232 — ^3432)] (70 o) 
8T - ACT = {pa + Xp) + ( r + /3 - Q;)r - (37 — 7)0- - KV 
+^02, [^ 1332J (70 p) 
A p - ^ r = - ( p / i + <rA) + ( ^ - Q - f ) r + (7 + 7)p+j /K 
- * 2 - A, [^ 21324] (70 q) 
Aa-S'y = {p + e)u - (r + P)X + (7 - /i)Q! + (/3 - f )7 
" ~ * 3 , [^(-^1242 - -^3442)] (70 r) 
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12. THE BIANCHI IDENTITIES: 
The Bianchi identities [cf.,equation (37)] when written in general are very long, 
however in empty-space time (Rij = 0) they have the following form 
D^i-6^0 = -3«;*2 + (2e + 4p)*i - (-TT + 4a) *o (71a) 
D^2-S^i = - 2 K ' ^ 3 + Spl's - (-27r + 2a) * i - A*o (71b) 
1)^3 - ^^2 = - « * 4 - (2e - 2p)*3 + 37r*2 - 2A^i (71 c) 
D ^ 4 - ^ * 3 = - ( 4 e - p ) * 4 + (47r + 2a )^3 -3A*2 (71 d) 
A^o-<5*i = (47 -/z)*o - (4r + 2/?)^i + 3a*2 (71 e) 
A^i - 6^2 = J^ ^o + (27 - 2/x)*i - 3T*2 + 2o-*3 (71 f) 
A^2-<5*3 = 2i/^i - 3/x*2 + (2/? - 2r)^3 + o-*4 (71 g) 
A*3-<5*4 = 3i/^2 - (4/i + 27)1'3 + (4/3 - r)*4 (71 h) 
The Commutator relations, equations (65-68), the NP equations, equation 
(70) and the Bianchi identities, equations (71) form a complete set of equations 
from which the exact solutions of Einstein field equations can be obtained. 
Despite the fact that we have to solve a nvunber of equations, the NP formahsm 
has great advantages. All the differential equations are of first order. Guage 
transformations of the tetrad can be used to simplify the field equations. We 
can extract invariant properties of the gravitational without using a co-ordinate 
basis. The algebraic structure of the Weyl tensor can be specified from the very 
beginning. 
We shall now mention physical and geometrical meaning of the spin coefficients 
and optical scalars. 
For the physical meaning of spin coefficients we consider the propagation of 
the basis vectors along l,n,m OT fh. Thus, by definition, the first order change in 
a basis vector e(a) when it undergoes an infinitesimal displacement ^ is 
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^Ha)i = e(„)j;jf = &?lma){c)efi^ = -7(a)(ft)(c)ef^^^'^ (72) 
Therefore the change, 8^^\ in e(a), per unit displacement along the direction c, 
is 
'^4?) = -7(6)(a)(c)e(^^ (73) 
So, in particular, the change in /, per unit displacement along I [using equa-
tions (43), (48) and (73)] is 
(6) 8l{l) = -7 i (6) ie 
= - 7 i n e ^ - 7i2ie^ - 71316^ - 71416'^  
= -7121^ + 7i3im + 7 i4 im 
= (e + e)l - Kfh + Rm (74) 
6n{l) = -72(b)ie('') 
= — (e + e) n + Trm + nrh (75) 
6m{l) = -73(6)16^*^ 
= {e + e)m — TTI — Kn (76) 
Equation (74), can also be written as 
k-jP = (e + e)li — Kifii + KTUi (77) 
We also have [from equat ion (73)] 
) (a) (6) (a) (b) 
(1) (1) I (1) (2) , (1) (3) , (1) (4) 
= 7 i n e i 'e) + 71126) ^e) ' + 71136,^  ^e) ' + 71146) 'e) ' 
(2) (1) , (2) (2) , (2) (3) , (2) (4) 
+72i ie l ^6} ^ + 72126) ^e) ^ + 72136) ^e) ' + 72146) ^e) ^ 
(3) (1) , (3) (2) , (3) (3) , (3) (4) 
+73116) 'e) > + 73126) >e) + 73136) 'e) + 73146) 'e) ' 
, (4) (1) , (4) (2) , (4) (3) , (4) (4) 
+74116) 'e) + 74126) 'e) + 74136) 'e) + 74146) 'e) 
= (7 + y)ljli - fljrrii - Tljffii + (e + e) rijli 
—Rjijrni — KTijffii — (a + P)mjli + amjrrii 
-\-pmjrhi — (a + /3)fhjli + pfhjmi + arhjihi (78) 
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Equation (77) can be obtained by contracting equation (78) with IK 
In a similar manner, we can obtain 
rii-j — —(7 + 7)/jnj — uljirii + i/ljifii — (e + e) rijUi 
+Tmjmi + Ttrijfhi + (a + ^)mjni — Xrujirii 
—Jxrrijfhi + (a + P)fhjni — firhjirii — Xfhjfhi (79) 
rrii-j — uljli — rljUi + (7 — 'y)ljmi + Ttrijli — urijUi 
+ (e — e) rijirii — firrijli + prrijUi + {^ — a)mjfhi 
—Xfhjli + affijUi + {a — (3)fhjmi (80) 
fhi-j = uljli — fljrii + (7 — j)lj'mi + TTTijli — KHjUi 
+ (e — e) Ujifii — fjLfhjli + pffijUi + {^ — Q.)fhjmi 
— Xnijli + amjUi + (a — P)mjfhi (81) 
and 
l\i = {e + e)-{p + p) (82) 
n'-i = (/^  + M ) - ( 7 + 7) (83) 
m\i = -a + 7r-T + /3 (84) 
m\i = -a + TT-f + P (85) 
Prom the definition of the covariant difi^erentiation operators 
D = rV„ , D' = n"Va , 6 = m'^Va ,6 = 6'^ fh^Va (86) 
along the direction of the vectors of a complex null tetrad, it is possible to write 
equations (41-44) in the following covariant forms 
Dl" = {€ + e) l" - Rm" - Kffi'' (87 a) 
A = £)'/" = (7 + 7 ) r - fm" - rm" (87 b) 
6 = 6t = {a + /3)r~^''-am'' (87 c) 
<5r = (a + P)l''- am" - pfh" (87 d) 
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Drf = - (e + e) n" + 7rm" + Tfm" (88 a) 
D'n" = - ( 7 + 7 K + i/m" + z/m" (88 b) 
Sn" = - ( a + ^)n'' + /im" + Am" (88 c) 
(5'n" = - ( a + ^)n'' + Am" + /2m" (88 d) 
Dm° = 7f/" - /en" + (e - e)m" (89 a) 
D'm° = P/" - rn" + (7 - 7)m" (89 b) 
Sm" = Xr - an" + ip - a)m'' (89 c) 
<5'm° = fir - pn" + {a - P)m'' (89 d) 
£)m" = 7r/° - «n" + (e - e)m° (90 a) 
D'm" = i/Z" - f n" + (7 - 7)m° (90 b) 
Sm" = / / r - pn" + (a - /?)m" (90 c) 
S'm" = Xl" - an" + {$ - a)fh'' (90 d) 
Moreover, the covariant derivative of an arbitrary scalar function 77 can be 
written in the form Vo»7 = C^Z^, where C^ are four coefficients to be determined. 
But from the definition of the anholonomic derivatives D,D',6 and 6' the above 
equation reduces to 
V a = LD' + naD - fhaS - niad' (91) 
The geometrical meaning of different spin coefficients can be summarized in 
the following theorems. 
Let r(/) denote a congruence of null curves such that the tangent to it form 
a field of light hke vectors l'^. 
Theorem 1. The null congruence T{1) is geodesic if and only if K = 0 and by 
appropriate choice of affine parameter along r(/) we may chose e + e = 0 (or, 
e = 0) 
Proof: Prom equation (74), we have 
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51 (l) = (e + e) / — Km + KTU 
The curves r(/) are geodesies in the case where 5l{l) '^ I, and therefore K = 0. 
Choosing parameter along r(/) in such a suitable way, we can get e + e = 0 
Theorem 2. The null congruence T{n) is geodesic if and only if i/ = 0 and by 
appropriate choice of afEne parameter along r(n) we may chose 7 + 7 = 0 (or, 
7 = 0) 
Theorem 3. If we choose the scaling e + e = 0 then the tetrad {l\'n\m\fh^} is 
parallely propagated along r(/) when « = TT = e = 0. 
Proof; The proof follows from equations (74),(75) and (76) if we bear in mind 
that under parallel transport along r{l) 
61 (l) = 6n (l) = 6m (1) = 0 
Theorem 4. If we choose the scaling 7 + 7 = 0 then the tetrad {/', n\ m^jm^} is 
parallely propagated along r(n) when 1/ = r = 7 = 0. 
If K = e = 0, then equation (78), reduces to 
^i;j = (7 + l)hh ~ T'ij'^i ~ Tljfhi — (a + P)mjli + amjmi 
+pm,j7hi — (a + (3)fhjli + pfhjm,i + affijfh (92) 
Equation (92) leads to 
hi-J] = - ( ^ + ^ - '^)hi^j] -{ci + P- f)liimj] -{p + p)fhiimji (93) 
and 
hi-Jk] = {p- p)m[imjlk] (94) 
Theorem 5. The null congruence r ( / ) is geodesic if and only if l^^DP^ = 0. 
Theorem 6. The null congruence T{n) is geodesic if and only if n^^D'nP^ = 0. 
Prom equation (94), we have 
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Theorem 7. Let r(/) be a null geodesic congruence then l[i;jlk] = 0 is equivalent 
to p = p. 
Theorem 8. Let r(n) be a null geodesic congruence then n^i-jTik] = 0 is equivalent 
to fi = fl. 
Theorem 9. The null vector field I is hypersiurface orthogonal if K = 0 and p = p. 
Theorem 10. The null vector field n is hypersurface orthogonal ii i/ = Q and 
Thus, we can say that the congruence of null geodesic is hypersurface orthog-
onal if and only if p is real, Z' will be equal to the gradient of a scalar field if and 
only if in addition T = a + p. 
(The proof of these can be found i.e. [33]) 
Prom equations (92) and (94), we can find 
l^i = -1{P + P) = 0 (95) 
Ih^J^ = -\{P-P)' = ^' (96) 
\k,,f-'^ = e'+\a\' (97) 
The quantity 9, u and a are respctively, the expansion, the twist and the shear 
of the congruence; and all of them are called optical scalars. 
6, u! are also defined as 
9 = -5Rp, uj = ^p (98) 
If we take K = e = 0, the equations describing the behavior of p and a along 
geodesic is given by the equations (71a) and (71b) 
Dp = p^-\-aa + $00 = p'^+\ o- P +$oo (99) 
and 
Da = a{p + p) + *o - (100) 
where 
(101) 
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From equation (95), equation (100) can be written as 
Da = -2ea + ^o (102) 
Taking the imaginary part of equation (99) (as $oo is real), we have 
Du = ^{p + p){p-p) = -29uj (103) 
while taking the real part of equation (99), we get 
DQ = u?- d^- I a |2 -$00 (104) 
Equations (102-104) are the standard equations representing the variation of shear, 
rotation and expansion. 
Goldberg-Sachs Theorem : In empty space if Z^  are tangent to a geodesic con-
gruence whose shear vanishes then the field is algebraically special and conversely, 
( i .e . K = (T = 0 <^ vfTg = ^ j = 0 ) . 
The generalization of this theorem has been given by Zund [79] and an electric 
and magnetic analogue by Ahsan [3]. (also see [33], [61]) 
In the Newman Penrose formalism, the Maxwell's equations takes the form 
£)$! - l^Q = (TT - 2a) $0 + 2p$i - /C$2 (105 a) 
£ > $ 2 - ^ ^ i = -A$o + 27r$i + (p - 2e)$2 (105 b) 
6$i - A$o = (M - 27)^0 + 2r$i - cr$2 (105 c) 
(5$2-A$i = -i/$o + 2/i$i + (r - 2/?)$2 (105 d) 
where 
$0 = Fiil'ra^ 
$1 = -F i , ( /V + m W ) (106) 
$2 = Fijfh'n^ 
If the Ricci tensor is proportional to the Maxwell stress tensor then the Bianchi 
identities become (cf. [58]) 
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(5 - r + 4/?)*4 - (A + 27 + 4//)*3 + 3i/*2 
= l>iA$2 - ^ 2 ^ ^ 2 + 2(^i$i i^ - ^2'^iA - $ i $ 2 7 +^2*^20;), (107 a) 
{6-2T + 2/3)^3 + 0^*4 - (A + 3//)*2 + 2z/*i 
= ^i6$2 - ' ^ 2 ^ ^ 2 + 2 ( $ i $ i / / - $2^l7!"-$i$2/? + ^2*2e), (107 b) 
(6 - ST) ^2 + 2fr^3 - (A - 27 + 2//)^i + i^'bo 
^ i A $ o - ^2^^2 + 2($i$o7 - ^2^oa - ^ i ^ i r + $2^iP) , (107 c) 
((5 - 4r - 2/3)^1 + 3(r*2 - (A - 47 + ^)^o 
$i5$o - ^2£^*o + 2($i$o/3 - ^2^oe - ^ i^ icr + $2'^i«)i (107 '^ ) 
(D + 4e - p)^4 - (6 + 47r + 2 Q ) * 3 + 3A^2 
$oA$2 - ^i<5$2 + 2(<lo^ii^ - ^ i $ i A - l»o^27 + ^1*20;), (107 e) 
(D + 2e - 2p)^3 4- «:^4 - (<5 + 37r)*2 + 2A^i 
<lo^$2 - $1-0^2 + 2($o*iAi - $i$i7r - 'lo*2/3 + ^ i$2e) , (107 f) 
(L> - 3p)*2 + 2 K * 3 -{6 + 2TT- 2a)^i + A*o 
= $oA$o - ^i<^^o + 2 ( $ o ^ o 7 - ' ^ i ^ i « : - ^o^i'T + ^ i ^ i p ) , (107 g) 
(D-2e- 4:p)^i + 3 K * 2 - (<5 + TT - 4a)*o 
= ^o^<J>o-^i-D$o + 2 ($o*^o /5 -^ i^oe -^o* i f^ + ^ i ^ i « ) , (107 h) 
In full, they read 
6<ifo- D<ii + D%i-6^oo = ( 4 a - 7 r ) * o - 2 ( 2 p + e ) * i + 3 / « * 2 
+(7f -2a- 2/3)*oo + 2(e + p)$oi 
+2o-<&io - 2 K $ I I - K$o2 (108 a) 
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A^o - 5^1+ D^02-6^01 = (47 - i/)^o - 2(2r + ^ ) ^ i + 3fT*2 
+(2e -2e + p)$02 + 2(7f - /3)$oi 
+2(7$ii - 2«;$i2 - A$oo (108 b) 
^*3 - £>*4 + ^^21 - A$20 = ( 4 e - / > ) * 4 - 2 ( 2 7 r + a ) ^ 3 + 3A*2 
+(27 - 27 + /2)$20 + 2 (f - a ) $21 
+2A$ai - 2iy$io - a$22 (108 c) 
A*3 - (5*4 + ^$22 - A$2i = (4^ - r )*4 - 2(2At + 7)^3 + 3i/'i'2 
+ ( f - 2;5 - 2a)$22 + 2(7 + /i)*2i 
+2A$i2 - 2i/$ii - r7$2o (108 d) 
D*2 - ^^1 + A*oo - 5^01 + T7;£>^ = - A ^ o + 2 (TT - a ) * i + 3p^2 - 2 K * 3 
+(27 + 27 - /i)$oo - 2 (f + a ) $01 
- 2 r $ i o + 2/?$ii + a-$02 (108 e) 
A*2-<^*3 + -D*22-<5^21 + 7^AiZ = (7*4 + 2(/? - r ) * 3 - 3/X^2 + 2j/VEri 
+{p - 2e - 2e)$22 + 2(7f + ;5)*2i 
+27r$i2 - 2//$ii - A$20 (108 f) 
D*3 - <5*2 - D^2i + «$20 - T^SR = -K^i + 2{p - e)*3 + 37r*2 - 2A*i 
+ (2a - 2/5 - 7r)$20 - 2(p - e)$2i 
-27r$ii + 2//$io + K$22 (108 { 
A * i - ^*2 - A$oi + ^$02 - jT^^R = 2^*0 + 2(7 - ^ ) * i - 3 r*2 + 2(T*3 
+ ( f - 2^ + 2a)$o2 + 2(/2 - 7)^01 
+ 2 r $ n - 2p$i2 - z?$oo (108 h) 
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^$11 - (5$io - 6^01 + A$oo + QDR = (27 - /x + 27 - /i)$oo + (TT - 2 a - 2f) 
8 
$01 + (TT - 2a - 2r)$io + 2{^+p)$u 
+o^$02 + cr^20 - «^i2 - «^a (108 i) 
Z)$i2 - <5$ii - <5$o2 + A$oi + o^-^ = ( - 2 a + 2/? + 7 r - f )$o2 + ( p + ^ - 2 e ) 8 
$12 + (27f - r ) $ i i + (27 - 2/i-^)$oi 
+P$oo - A$io + cr$2i - '«$22 {108 j) 
£)$22 - <5^ 2i - <5$i2 + A $ i i + - A i ? = (p + p - 2 e - 2 e ) $ 2 2 + ( 2 / ? + 2 r - f ) 
8 
*12 + (2/? + 27f - r)$2i - 2(^+/2)$n 
+z/$oi + i^^io - A$2o - A^oj (108 k) 
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CHAPTER III 
GEROCH - HELD - PENROSE FORMALISM 
1. INTRODUCTION: 
The usefulness of NP formalism in treating many problems of general relativity 
has been dealt in the previous chapter. This formaUsm is simply the normalized 
tetrad formahsm ([12]) with special choices made for the tetrad vectors - two 
are chosen as real, null, future pointing vectors and the other pair are chosen 
as complex null vectors; the twenty four real rotation coefficients combine to 
give twelve spin coefficients and Riemann tensor is decomposed into ten complex 
components. There is a direct correspondence between each equation in the NP 
formalism and its counter part in the general tetrad formalism. 
Slightly less well known is an extension of the NP formalism called the com-
pacted spin-coefficient formaUsm or Geroch-Held-Penrose (GHP) formalism ([35]). 
This formalism is clearly more concise and efficient than the better known NP for-
mahsm. However, GHP formaUsm failed to develope its fuU potential to the extent 
to which the NP formalism has. This formalism (GHP) is on equal footing with 
NP formalism, in the sense that either formalism can be used in any one situ-
ation, but it leads to considerable simpUfication in cases where a space-like (or 
time-Uke) surface (and hence two null directions) may be singled out in a natural 
way. It deals only with quantities that transform properly under those Lorentz 
transformation that leave invariant the two null directions, that is, under boost 
in I — n plane and under rotation in the m — fh plane perpendicular to these two 
directions. 
About 30 years ago soon after the appearance of GHP formalism, Held [39, 40] 
proposed a simple procedure for integration within this formalism and applied it in 
an elegant discussion of Petrov type D vacuum metrics. The geometrical meanings 
of the spin-coefficients appearing in this formalism have been given by Ahsan [12] 
and Ahsan and Malik [3]. While studying the behavior of zero rest mass (ZRM) 
fields when placed in an algebraically spacetime background, a preferred choice of 
spin dyad is essential and thus leads to the application of GHP formalism in such 
situations [31]. 
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After a gap of about two decades this formalism has again attracted the at-
tention of many workers. Ludwig [51] has given an extension to this formalism 
and consider only quantities that transform properly under all diagonal trans-
formations of the underlying spin frame; that is, not only imder boost 
rotation but also under conformal rescaling. The role of the commutator rela-
tions appearing in GHP formalism has been explored by Edgar in extended GHP 
formalism. On the other hand, using GHP formahsm, Kolassis and Ludwig [46] 
have studied the spacetime which admit a two dimensional group of conformal 
motion (and in particular homothetic motion). The so called post Bianchi 
identities, which plays a crucial role in search of Petrov type I solution of Einstein 
field equations, have been studied by Ludwig [52] through GHP formahsm. 
The free linear gravity field is a massless spin-2-field which can be described 
by a symmetric spinor ^ABCD satisfying V% ^ABCD = 0. The study of such fields 
and multipole fields (linearly independent retarted solution) has conveniently been 
done through GHP formalism by Herdegen [41]. While, Edger and Ludwig, in a 
series of papers ([26], [27], [28], [29], [30], [31]) have given a procedure ( a clear 
and better than by Held [39]) for integration within the tetrad formalism which 
can give some popularity to this less well known formahsm. It is known that 
corresponding to a null tetrad {/*, n*, m*, m*} and a Lorentz transformation, there 
are six transformation laws (i) null rotation about T (ii) null rotation which leaves 
the direction of /* and n' unchanged, but rotate m' (and m*) in m'- m' plane 
(iii) null rotation about n* (iv) reflection in P- n' plane (v) reflection in m'- m* 
plane and (vi) improper complex Lorentz transformation. The efi^ ects of these 
transformations laws on the scalars describing the gravitational field have been 
examined by Ahsan et al. [13] using GHP formalism. They have also given some 
of the applications of these transformation laws. Using the method of general 
observers, a study of Lanczos potential has been made by Ahsan et al. [14]. The 
kinematicaJ quantities, expansion, shear, twist etc. and the equations satisfied by 
them have translated into NP-formalism by them, and in the process a Lanczos 
potential for the Godel spacetime has been obtained. They have also obtained 
the GHP-version of Weyl-Lanczos equations along with the Lanczos differential 
gauge conditions and a potential for a Petrov type D spacetime has been obtained. 
These results are then applied to a Kerr Black hole. 
It is for these reasons that this chapter is devoted to the study of GHP for-
malism. Some basic material required in developing this formahsm has al-
ready appeared in chapters I and II. 
2. SPACETIME CALCULUS: 
In terms of spinors, we choose the flag poles of o^ and c"^ to point along the 
directions of the null normals and the remaining gauge freedom (which preserves 
the normalization Oyit"^  = 1) is 
o^ - ^ Xo^ , i^ -^ X-h^ (1) 
where A is an arbitrary (nowhere vanishing) complex scalar field. The pair of 
spinor fields o^ and L^ is called a dyad or spin-frame. The corresponding 
2-parameter subgroup of the Lorentz group (boost and spatial rotation), affects 
the complex null tetrad as follows: 
r —> rl\ n' —> r-^n'(boost) (2) 
m* —> e'^m', (spatial rotation) (3) 
where the complex vector m' = —7=(X* + iY'), and X' and Y' axe the unit 
space-like vectors orthogonal to each of /*, n* and to each other (i.e., X,Y' = 0, 
Xil' = XiTi^  = Yi/' = YiTi' = 0, XiX' = YiY' = 1) and r, 6 are related through 
^2 _ ^gte jjj g^j-jjig Qf tjjg null tetrad, the transformation (1) takes the form 
r —> XXI' , n* —^ X~^X-^n' 
(4) 
m' —> XX-W , m' -^ X-^Xfh' 
The GHP formalism deals with the scalars associated with a tetrad {/', n\ m\ ni^}/ 
dyad {o^ , t^) where the scalars undergo transformation 
r, - ^ XP'X'^rj (5) 
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whenever the tetrad/dyad is changed according to (2) and (3) or equations (4)/(l). 
Such a scalar is called a spin and boost weighted scalar of type {p, q}. The spin 
weight is -{p- q) and the boost weight is -(p + q). It may be noted that o^ and 
i^ may themselves be regarded as spinors of type {1,0} and {-1,0}, respectively, 
and l\n\m\fh^ as vectors of type {1,1}, {-1,-1}, {1,-1}, {-1,1}, respectively. 
It is well known that any dyad defines a unique null tetrad ZJ, = {l\ n\m\fh'} 
at each point and, conversely, that any null tetrad defines a dyad uniquely up to 
sign. The relationship is as follows: 
r = o^d^\ n' = i^i^', m' = oh^\ fh} = i^o^' (6) 
The twelve spin-coefficients (complex functions) are as follows: 
a = O^Z^'O^VAA'OB = wPm'Vilj 
p = i^o^'o^V AA'OB = m^m^Vilj (7a) 
r = L'^L^'O^VAA'OB = m^n'Vilj 
K' = -i^T^'t^VAA't-B = m^n'Vinj 
p' = -oH^'i^VAA'iB = fh^m'Vinj (7b) 
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e = O^O^'L^VAA'OB = linU'Vilj - fhU'Vinij) (7c) 
We recall the definition of the tetrad (dyad) components of the Weyl ten-
sor Cabcd (Weyl spinor ^^ABCD) and the trace-free Ricci tensor Rat (Ricci spinor 
^ABC'D') '• 
^2 = -^C7a6cd(/"n'/V + I'^n^rn'rh") = O^O^L^L'''^ABCD = % (8) 
*4 = -Cabcdn''rh''rfrh'^ = L^L^IPL^^ABCD = % 
and 
^00 = -T^Rn = O^O^O^'o^'^ABA'B' = $00 = *2 
$01 = -^RlZ = O^O^O^'l'^'^ABA'B' = $10 = $21 
1 
' _ n ' $02 = - 7 : ^ 3 3 = O^O^r r ^ABA'B' = $20 = $2 2 20 
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$20 - -ii244 = A V o ^ ' $ ^ B ^ , B ' = ^02 = $ / > * ^ • ^ v C 
$21 = -ii?24 = tVo^V^'$ABX.B' = $12 = $01 ( ; Q ) V V . ; 
2 
^ -^
$22 = -o^22 = t'^i^t^'r^'$4B^'B' = $22 = $(» ^ < ' '"T.^" MV^^  3 ^ 
The Scalar ciirvature is defined by 
K = \ = M = ^R (10) 
We shall now make use of the prime systematically here to denote the opera-
tion of effecting the replacement : 
o^ —^ i / , i^ — . zo^, 0^ -^ iZ^, l^ -^ io^ (11) 
so that 
iPy = n\ iny = r, {my = m\ {my ^ m' (12) 
This preserve normalization Oyjt'* = 1 and the relationship between a quantity 
and its complex conjugate. Since the bar and prime commute, we write fj' without 
ambiguity. Moreover, the prime operation is involuntary upto sign 
{r,'y = (-1)^+^77 (13) 
The components of the Weyl tensor, the Ricci tensor and the spin coefficients 
have the spin and boost of the types as indicated below (see also Fig. 1) : 
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^0 : {4,0},^i : {2,0},*2 : {0,0}, ^3 : {-2,0}, ^4 : {-4,0} 
$00 : {2,2}, $01 : {2,0}, $02 : {2 , -2} , $10 : {0,2},$u : {2,2}, 
$22 : { -2 , -2} , $21 : {-2,0}, $20 : { -2 , -2} , $12 : {0,-2} 
A = A = A' = ^ i ? = {0,0} (14) 
K : { 3 , 1 } , < T : { 3 , - 1 } , P : { 1 , 1 } , T : { 1 , - 1 } , 
K' : {-3, - 1 } , a': {-3,1}, p' : {-1, - 1 } , r ' : {-1,1} 
where the spin coefficients «', o-', etc. defined in equation (7) axe related to 
the spin coefficients defined by Newman and Penrose [58] as follows: 
ly = -K', A = -a', // = -p', IT = -T', a = -p', 7 = -e' (15) 
Out of twelve spin-coefficients [cf. equation (7)] only eight, given by equations 
(7a) and (7b) are of good spin and boost ([35], [61]) and the remaining four, as 
defined by equation (7c), appear in the definition of the derivatives so that the 
derivative may not behave badly under spin and boost transformations. For a 
scalar rj of type {p,q}, the derivative operators are defined as 
Vrj = {D-pe- qe)ri , V'T) = {D' + pe' - q^)r} 
(16) 
VT) = {6-p0 + qP')r),V'rj = {6'+pP'-qP)rj 
where the symbols V and V are pronounced as thorn and e{d)th; V and V the 
types of these derivatives are 
P : {1, IhV : {-1, -1},V : {1, - 1 } , V : {1, - 1 } 
x-u, —^J^, 
-X%'LS •<St-^ 
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Alternatively, the operators may be defined in terms of the type {0,0} operator 
(acting on a quantity of type {p,q} = {r+s,r-s}) 
SAA' = V A ^ ' - pi^^^AA'O^ - qt^'^AA'O^' 
= Vi - rn^Vilj + sfh^ViTrij (17 a) 
by the equation 
Oi = kP + UiV - rriiV' - m{D (17 b) 
In equation (17a), s and r are the spin and boost weights, respectively. The 
original definition (16) can be obtained by transvecting equation (17b) with i', n', m' 
and fh^. 
The basic quantities with which we are concerned here are the eight spin-
coefficients K, cT, p, r ,« ' , (/, p', r' and the four difi^erential operators 'P,'DJ>',V. There 
is the operation of complex conjugation and also we may consider the prime as 
eflFectively an allowable operator on the system. 
The effect of the derivative operators in equation (16) is shown in Fig 1. 
With a scalar of type {p,q} we can associate the point with co-ordinate {p,q} in 
the plane. Each of the derivative operators in equation (16) has a characteristic 
eflfect on the type, which can be represented as a displacement in this diagram. 
It may be noted that the multipfication of two elements leads to a vector sum 
in the diagram, and if the two elements are added together then they must be 
represented by the same point in the diagram. Since the complex conjugate of 
an element of type {p,q} is an element of type {q,p}, the operator of complex 
conjugation is represented by a reflection in the line p=q. In fact, we define 
V = V , V' = V\ V = V' ,V' = V (18) 
then the operator of complex conjugate will satisfy 
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prj = Vfj ,Vr] = Vfj (19) 
Also, if we prime an element of type {p,q} we get an element of type {-p,-q} 
and therefore the prime operation is represented in the diagram by a reflection in 
the origin. The prime will commute with addition, multiplication and the complex 
conjugate [but not equation (13)]. Moreover, we have 
{VT])' = vw, {v'v)' = rv' 
(20) 
{VvY = V'v' , {V'rj)' = Vv' 
3. GHP EQUATIONS: 
As a consequence of the above considerations, the NP equations, the commuta-
tors and the Bianchi identities get new expUcit forms. They contain scalers and 
derivative operators of good spin and boost weights only, and split into two sets of 
equations, one being the prime version of the other. We shall present a complete 
set of these equations as follows (see also [12], [35]). 
GHP Field Equations 
VP-VK = p^ -\-aa-KT- T'K + *oo (21 a) 
V'P'-V'K' = p'2 + a V - KV - T K ' + $22 (21a') 
Va-Vn = (/9 + p)a - (r + f')« + *o (21 b) 
P V - P V = {p' + py-{r' + f)K' + -^^ (21b') 
VT-V'K = (r - fO/9 + (f - r')<r + * i + $01 (21c) 
V'T'-VK' = ( / - f)/9'+ (f' - r)(7'+ ^3 + $21 (21c') 
Vp-Va = {P-P)T+{P'-P')K + ^I + ^QI (21 d) 
V'p'-Va' = ( ^ ' - p ' ) r '+ (p - ;o)«;'+ ^3 + $21 (21 d') 
Vr-V'a = -p'a - a'P + T^ + KR' + ^02 (21 e) 
V'r'-Va' = -pa'-ap' + T'^ + K'R +^20 (21 e') 
V'P-V'T = - p p ' - r f - K K ' - ^2 - 2A (21 f) 
VP'-VT' = -p 'p - r ' f ' - K'K - *2 - 2A (21 f) 
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The above list does not completely exhaust all NP field equations. The 
remaining equations refer to the derivatives of the spin-coefiicients which are spin 
and boost weighted quantities, and therefore cannot be written like above equa-
tions, in GHP formaUsm. Instead they play their role as part of the commutator 
equations for the differential operators V,V',T>,'D'. These commutators when ap-
phed to a spin and boost weighted quantity rj of type {p,q}, are given as follows 
GHP Commutator Relations 
[V,V']r) = { ( f - r ' ) I > + ( r - f ' ) r > ' - p ( « K ' - r r ' + *2 + $ i i - A ) 
-q{KR' - ff' + *2 + $11 - A)}TJ (22 a) 
[V,V]r] = {pV + aV-f'V-Kp'-p{p'K-T'a + 'ifi) 
-q{a'K -pf' + $oi)}»? (22 b) 
[V,V]ri = {{pf-p')V+{p-p')V'-p{pp'-aa' + ^2-^n-^) 
-q{ppf - aa' + *2 - $ii - A)}?; (22 c) 
together with the remaining conmiutator relations obtained by applying prime, 
complex conjugation, and both to equation (22b). Care must be taken while 
applying primes and bars to these equations, as 77', 77, f\' have types different to 
that of r;. Under the prime, p becomes -p and q becomes -q; under bar, p becomes 
q and q becomes p; under both bar and prime, p becomes -q and q becomes -p. 
GHP Bianchi Identities (full) 
P ^ i - V'% - P$oi - 2?*oo = -r'% + 4/9^1 - 3K*2 
+f'$oo - 2p$oi + 2<r$ii - K$o2 (23 a) 
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4-f'$22 - 2p'$2i - 2cr'<I>i2 + 2K'$n - ^'$20 (23 a') 
P ^ 2 - ^ ' ' ^ i - ^ '^01 + ^ '^00 + 2PA = a'-^o - 2 T ^ I + 3p^2 
- 3 K * 3 - p'^oo - 2r*io + 2/9$ii + a$02 (23 b) 
-SK'^I^I ~ p$22 - 2f'$21 - 2r '$i2 + 2p '$n + ^'$20 (23 b') 
P $ 4 - X)'*3 - l>'$2i + ^ '$20 = 3a'\E'2 - 4 r ' ^3 + p*4 
-2«'$10 - 2fT'$ii - p'$20 - 2f'l>21 + ^$22 (23 C) 
P ' ^ 0 - ^ * i - ^$01 + ^$02 = 3cr*2 - 4 r * i + p'^^o 
- 2 K $ I 2 + 2cr$u + p$02 - 2f'$oi + ^'$00 (23 c') 
V^s - V'^2 - : P $ 2 I + ^$20 - 2V'A = 2cr'^i - 3 r '*2 + 2p^3 
- K * 4 - 2p'$io + 2 r ' $ u + r'$20 - 2p'$2i + «$22 (23 d) 
V'^i - Z?«^ 2 - ^ '$01 + ^ '$02 - 2DA = 2cr*3 - 3 r ^ 2 + 2p'^i 
- K ' ^ O - 2/)$i2 + 2r<i>n + f$02 - 2p'$oi + «'$oo (23 d') 
C/ZP Contracted Bianchi Identities 
V^n - T '^^ oo - V^io - V'^01 + 3PA - (p + p')$oo + 2(p' + p ) $ n 
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- { r ' + 2f)$oi - (2r + f')^io - K^n - /«$2i + 2a^2o + o-$02 (24 a) 
^ '$11 - P$22 - : P ' $ 1 2 - 2?$21 + SV'A = ip + p)$22 + 2{p' + p ' ) $ u 
- ( r + 2r ')$2i - (2r' + f )$i2 - «'$io - «'^oi + 2CT'$O2 + ^'^20 (24 a') 
P$ i2 - P '$oi - 25^11 - 2^'^02 + 32>A = {p' + 2p')$oi + (2p + p)^i2 
-{T' + f)$o2 - 2(r + f ' )$ i i - K'^OO - «^22 + o-$2i + o-'$io (24 b) 
T^'^io - T'^ai - ^J^'^ii - 25^20 + 3X>'A = (p + 2p)$2i + {2p' + ^)^w 
-{T + f')$20 - 2(r ' + f ) $ i i - K$22 - «'^oo + cr'^01 + o-$i2 (24 b') 
The contents of the vEicuum Emstein field equations can be obtained by 
putting ^AB and A equal to zero in equations (21) and (22). The Bianchi identities 
(23) in this case have the following form 
GHP Vacuum Bianchi Identities 
V^i - P% = -r'^o + 4p^ i - 3/c^2 (25 a) 
V'^3-V^4. = - r ' ^ 4 + 4p'*3 - 3«'*2 (25 a') 
V^2-'D'^i = (T'^O - 2 r ^ i + 3/3*2 - 3«;*3 (25 b) 
V'^2-'^^z = tT*4 - 2 r ' *3 + 3p'*2 - 3/c'*i (25 b') 
V'^A-V'^z = 3<T'*2 - 4 T ' * 3 + p*4 (25 c) 
7 ? ' * o - ^ * i = 3o-*2 - 4 r ^ i + p '^o (25 c') 
P * 3 - I > ' * 2 = 2a-'*i - 3r '*2 + 2/9^3 - / « * 4 (25 d) 
P ' ^ i - V^2 = 2cr*3 - 3 r* 2 + 2/9'*i - K'^O (25 d') 
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4. G H P EQUATIONS AND PETROV CLASSIFICATION: 
In this section, we shall write down the GHP field equations, GHP commutator 
relations and GHP vacuum Bianchi identities for different Petrov types ([12]). 
(a) Petrov Type I : For this type a null tetrad can be chosen such that the 
Newman-Penrose components of the Weyl tensor in that tetrad are 
1'i = *3 = 0, %y^0, r = 0,2,4: 
GHP Field Equations 
Vp — VK = p^ + era — KT — T'K 
V'P'-V'K' = p'-' + a'a'-R'r'-TK' 
V(T-VK = (p + p)a - (r + f')« + *o 
V'(T'-V'K' = {p' + p^)a'-{T' + f)K' + ^4 
-pr - V'K = (T - f')p + (f - T')a 
P'T'-VK' = [r' -f)p' + {f' -T)(T' 
Vp~V'a = {p - P)T + {p'- p/)K 
v'p'-Va' = •{p'-p'y + {p-py 
VT - V'a- = -p'a- - a'p + r^ + «;«' 
V'T -Va' = -pa' -Gf) ^T'"^ ^i^K 
V'p - VT = -pp' -Tf- KK' - *2 
Vp' - VT' = -p'p - T'T' - K'K - *2 
GHP Commutator Relations 
[P,V']v = {{f - T')V + {T - f')V'-P{KK'- TT'+ ^2) 
-q{RR' - ff' + ^2)}?? (32 a) 
[V.V]ri = {pD + aV-f'V-Kp'-p{p'K-T'a) 
-q{a'R - pf')}T] (32 b) 
[V,V']rj = {{p'-p')V + {p-p)V'-p{pp'~aa'^'92) 
-q{pp' ~ aa' + ^a)}?? (32 c) 
(26 a) 
(26 a') 
(27 a) 
(27 a') 
(28 a) 
(28 a') 
(29 a) 
(29 a') 
(30 a) 
(30 a') 
(31 a) 
(31 a') 
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together with the remaining commutator relations obtained by applying prime, 
complex conjugation, and both to equation (32 b). Care must be taken while 
applying primes and bars to these equations, as r}',fj,fi' have types different to 
that of r/. Under the prime, p becomes -p and q becomes -q; under bar, p becomes 
-q and q becomes -p. 
GHP Vacuum Bianchi Identities 
V'^o = r '^o + 3«;^2 {33 a) 
X>^ 4 = r>f4 + 3K'*2 (33 a') 
P*2 = (j'^o +3/9*2 (34 a) 
V'^2 - (7*4 + 3p'*2 (34 a') 
P*4 = 3(r'*2 + P*4 (35 a) 
p '^o = 3a*2 + p'*o (35 a') 
V'^2 = 3r'*2 + «*4 (36 a) 
p*2 = 3r*2 + K'*o (36 a') 
(b) Petrov Type II : In this type a null tetrad can be chosen such that the 
components of the Weyl tensor in that tetrad are 
ilfg = ^1 = ^3 = 0, *r ^ 0, r = 2,4 also, « = cr = 0 
GHP Field Equations 
Vp = p^ (37 a) 
V'P'-V'K' = p'^ + cr'a' -K'T'-TK' (37 a') 
V'a'-V'K' = (p'+ P ' ) ( T ' - ( r ' + f )« '+ *4 (38) 
VT = {r-f')p (39 a) 
V'T'-VK' - {T' -f)p' + {f' -T)a' (39 a') 
Vp = {p-p)r (40 a) 
V'p'-Va' = {p'~ P')T'+ {p - P)K' (40 a') 
VT = -P'CT + T'^ (41a) 
V'T' - Va' = -pa' + r'2 (41 a') 
V'P-V'T = -pp'-Tf-^2 (42 a) 
VP'-VT' = - p ' p - T ' f ' - * 2 (42 a') 
DO 
GHP Commutator Relations 
[p, r']rj = {(f - T')V + (r - f')V' - P{-TT' + ^ 2) - q{-ff' + %)}r} (43 a) 
[V, V]r] = {pT> - f'V - gpf'jri (43 b) 
[V, V']rj = {(p' - p')V +{p- p')V' - p{pp' + *2) - q{pp' + ^2)}r] (43 c) 
together with the remaining commutator relations obtained by applying prime, 
complex conjugation, and both to equation (43 b). 
GHP Vacuum Bianchi Identities 
V^4, = T^4 + 3K '^2 (44) 
P*2 = 3pW2 (45) 
7>'*2 = 3p'*2 (46 a) 
^^4 = 3CT'^ 2 + P*4 (46 a') 
I?'^2 = 3T ' ^2 (47 a) 
D*2 = 3r^2 (47 a') 
(c) Petrov Type D : Here 
* 0 = vEr^  = ^ 3 = $ 4 = 0, ^ 2 7^ 0 
K = a = K' = a' = 0 
GHP Field Equations 
Vp = p' 
r'p' = /j'2 
VT = ( r - f ' ) p 
V'T' = ( r ' - f ) p ' 
'Dp = {P-P)T 
Vp' = [p'-py 
Vr = r^ 
V'T' = r'2 
V'P-V'T = -pp-rf-
VP'-VT' = -P'P-T'T'-
• * 2 
- ^ 2 
(48 a) 
(48 a') 
(49 a) 
(49 a') 
(50 a) 
(50 a') 
(51a) 
(51 a') 
(52 a) 
(52 a') 
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GHP Commutator Relations 
[P, r']v = {{r - r')V + (r - f')V' - P{-TT' + ^2) - qi-ff' + ^2)}^ (53 a) 
[P, V]ri = {pV - f'V - q{-pf')}v (53 b) 
[D, V']rj = {{pf - p')V + (p - -p')V' - p{pp' + *2) - q{pp + ^2)}ri (53 c) 
together with the remaining commutator relations obtained by applying prime, 
complex conjugation, and both to equation (53 b). 
GHP Vaccum Bianchi Identities 
V^2 
V'<if2 
V'^2 
P ^ 2 
= 3p*2 
= 3p'*2 
= 3r '*2 
= 3 T * 2 
(d) Petrov Type III : Here 
^0 = "^ l^ = 'I'2 = *4 = 0, ^3 7^  0 
K = a = 0 
GHP Field Equations 
(54 a) 
(54 a') 
(55 a) 
(55 a') 
'Pp = p" (56 a) 
V'P'-V'K' = p'-^ + a'a' -R'T'~TK' (56 a') 
V'G'-V'K' = {p' + p')(T'-{T' + f)K' (57) 
VT = {T-f')p (58 a) 
V'r'-Vti' = {r'-f)p' + {f'-T)a' + -^s (58 a') 
^ P = {p-p)r (59 a) 
V'p'-Va' = ( p ' - p ' ) r ' + (p-^)K' + *3 (59 a') 
VT = -a'p + r"^ (60 a) 
V'r'-Va' = ~pa' + T'^ (60 a') 
V'P-V'T = -pp'~rf (61a) 
Vp'-Vr' = -p'p~r'f' (61a') 
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GHP Commutator Relations 
[P,V']v = {{f- T')V + (r - f ')P' - P ( - T T ' ) - g ( - f f ' ) h (62 a) 
[P, V]rj = {pD- f'V - q{-pf')}v (62 b) 
[V, V']rj = {(p' - p')V + {p- p')V' - p{pp') - qmh (62 c) 
together with the remaining commutator relations obtained by applying prime, 
complex conjugation, and both to equation (62 b). 
GHP Vacuum Bianchi Identities 
7?'^3 = V * 3 (63) 
P^3 = 2r'*3 (64 a) 
p '*3 = 4r'^3 (64 a') 
P^3 = 2p*3 (65) 
(e) Petrov Type N : Here 
^ 0 = ^ 1 = ^2 = ^ 3 = 0, * 4 f^ 0 
AC = (T = 0 
GHP Field Equations 
Vp = p^ (66 a) 
V'P'-V'K' = p'^ + cr'a'- K'T'- TK' (66 a') 
V'a'-V'n' = (p'+ p > ' - ( r ' + f)K'+ *4 (67) 
VT = {T-f')p (68 a) 
V'T'-VK' = {r'-f)p' + {f'-T)a' (68 a') 
Vp = {P-P)T (69 a) 
V'p'-Va' = (p'-p')r' + (p-p)K' (69 a') 
VT = -a'p + T^ (70 a) 
V'r'-Va' = -pa' + r'^ (70 a') 
V'P-V'T = -pp'-Tf (71a) 
Vp'-Vr' = -P'P-T'T' (71a') 
68 
GHP Commutator Relations 
[V, V']v = {(r - r')V + (r - f')V' - P{-TT') - q{-ff')}ri (72 a) 
[P, V]v = {pD- f'V - q{-pf')}ri (72 b) 
[V, V']n = {{pf - p')V + {p- p')V' - p{pp') - q{pp')}r] (72 c) 
together with the remaining commutator relations obtained by applying prime, 
complex conjugation, and both to equation (72 b). 
GHP Vacuum Bianchi Identities 
p$4 = r^4 (73) 
P*4 = P^4 (74) 
5. WEYL SCALARS AND SPIN-COEFFICIENTS: 
The Weyl scalars ^ i , {i = 0,1,2,3,4), in terms of the spin-coeflScients and 
their derivatives can be expressed as follows : 
*o = {V-p-p)a-{V-T-f)K (75 a) 
^1 = {V-p)T-V'K + f'p-{f-T')(T (75 b) 
* i = {V-T)p-V'a + pT-{p'-pl)K (75 c) 
*2 = -{V' + p)p + {V'-f)T-KK' (75 d) 
*2 = -{V-\-p)p+{V-f)T'-K'K (75 e) 
*3 = {V'-p')T'-VK' + fp'-{f'-T)cT' (75 f) 
*3 = {V'-T')P'-V(T' + PT'-{P-P)K' (75 g) 
$4 = {-p'- p> - py - {V'- T'- f)K' (75 h) 
Prom equation (75 a) - (75 h) it may be noted that 
(76 a) 
(76 b) 
(76 c) 
(77 d) 
(77 e) 
^ 0 
^ 1 
^ 2 
^ 3 
^ 4 
= 
= 
= 
= 
= 
K 
% 
% 
% 
% 
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The source of free Maxwell equations, in this formalism, takes the form 
V^i - V'^Q = - r ' $ o + 2p$i - «$2 (78 a) 
V^2 - 2?'*o = (T'^O - 2r '$i - p$2 (78 b) 
together with their primed version. Here we have 
$0 = o^o^^AB = - $ 2 : {2,0} (79 a) 
$1 = o\^^AB = -$ ' i : {0,0} (79 b) 
$2 = A ^ * A s = * o : { - 2 , 0 } (79 c) 
where the symmetric spinor ^AB is related to Maxwell,* field tensor by 
Fab = ^AB^A'B' + ^AB^A'B' (80 ) 
Note down the resemblance between the vacumn Bianchi identities (25) and 
the source-free Maxwell's equations. 
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CHAPTER IV 
SYMMETRIES OF THE ELECTROMAGNETIC FIELDS 
AND RICCI INHERITANCE 
1. INTRODUCTION 
While studying the Einstein-Maxwell fields in general relativity, it is often as-
sumed that the geometrical S)anmetries of the spacetime are expressible through 
the vanishing of the Lie derivative of certain tensors with respect to a vector. 
This vector may be time-Uke, space-like or null. For example, when establishing 
the imiqueness of the Riessner-Nordstrom solutions as regards the existence of a 
regular event horizon, Israel [42] and Muller Ztmi Hugen et al. [57] considered 
the class of non-null electrovac spacetimes which admit a time-Uke hypersurface 
orthogonal Killing vector field: A vector field ( is said to be Kilhng if 
% u = 6 i i + 6;i = 0 (1) 
On the other hand. Carter [19], when studying of the charged rotating black 
holes, assumed the existence of two commuting Kilhng vector fields. Likewise 
many derivations of the exact solution of the Einstien Maxwell equations are 
based on the assumptions that can be formulated invariantly in terms of the 
Kilhng vector fields. In all these cases, it is assumed either exphcitly or implcitly, 
that the electromagnetic field inherits the symmetry properties of the spacetime 
in the sense that 
£'^Fij = F,^.,ke + i^ ifcS + Fkj^^, = 0 (2) 
where Fij is electromagnetic field tensor. 
A natural question to ask is : whether equation (2) is a consequence of equa-
tion (1) together with the Einstein-Maxwell equations! Wooley [73] answered the 
question partially, for non-null electromagnetic fields, by providing that if equa-
tion (1) holds, then Fij necessarily satisfies £^ (a) Fij = k (a) Fij for some constant 
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k{a) ,a = 1,2,3 ,r. Later on Michalski and Wain wright [12] have shown that 
^^9ij = 0 =^  ^^Fij — 0 for non-null fields; and Duggal [24] has proved the converse 
problem under certain geometric conditions for non-null fields. In an attempt to 
study the geometric and physical properties of the null electromagnetic fields, it 
has been shown by Ahsan [5] and Ahsan and Husain [7] that neither equation (2) 
is a consequence of equation (1) and vice-versa for null electromagnetic fields. 
The sjonmetries of electromagnetic fields have further been studied using NP 
formalism and it is seen that null electromagnetic fields do admit motion (M) (i.e. 
equation (1) is satisfied), MC and Ricci colhneation (RC) ([73]), imder certain 
conditions on the spin-coeflicients, along a preferred vector (when a vector of a 
tetrad characterizes a geometrical symmetry or a dynamical symmetry or both, it 
is known as a preferred vector e.g., when a null vector is identified as the history 
of a massless particle with given 4-momentum tangent to a null line, then it is 
preferred null vector ([68]); another instance of a preferred vector is when it is a 
chosen KiUing vector ([35]). 
It is for these reasons, this chapter is devoted to the study to of symmetries 
of the electromagnetic fields. 
2. SYMMETRIES OF ELECTROMAGNETIC FIELDS 
This section deals with a study of Maxwell colhneation and related (cf. Ahsan 
[9]). It is known that a null electromagnetic field tensor Fij is defined by 
where 
Sis' = Sif = 0, tif = - 1 (4) 
The vectors s' and f are called the propagation and polarization vectors, respec-
tively ([59]). The 4-vector is tangent to the congruence of light-like geodesic and 
so ([64]) gives 
Si-js^ = 0 (5) 
The tensor F -^ satisfies the Maxwell's equations; viz. 
F[irM = 0 . ^ y = 0 (6) 
Prom the Maxwell's second equation and using (3) and (4), it may easily be shown 
that the propagation and polarization vectors satisfy the following equation 
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s^t\, + s\^-f^,-t,s^ = Q (7) 
Prom equation (2), we get 
fsi^jtP + s!; = 0 
Definition 1: A vector *^ is said to be closed if 
4i;i - ii^i = 0 (8) 
The conditions luider which the null electromagnetic fields may admit Maxwell 
collineations along the propagation and polarizations vectors have been given as 
follows (cf. Ahsan [9]). We have 
Theorem 1: A null electromagnetic field admits Maxwell collineations along the 
propagation vector if the polarization vector is closed. 
Proof : We have 
IsFij = Fij.ks'^ + Fiks'^j + Fkjsfi 
^ tjSt|fcS "T SjIjjfcS SjtjjfcS TjSjjfcS 
Prom (3), using (4) and (5) and arranging the terms, we obtain 
£^Fij = Sis''{tj.k - tk-j) - Sjs''(ti.k - tk;i) 
Hence £^Fij = 0 if f is closed. 
Theorem 2: A null electromagnetic field admits Maxwell colhneations along the 
propagation vector if the propagation vector is KilUng and expansion-free. 
Proof : Prom (3) and (4), we have 
= Sitj.^kS^ - Sjti.ks'' + Sisfjtk - tks'^iSj 
Prom equation (7), this reduces to 
£sFij = Sit''{sj.k + Sk-j) - Sjt''{si.k + Sk-i) - Fijs'^k 
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Hence if the propagation vector s is Killing and expansion-free, then £sFij = 0. 
Theorem 3: If the propagation vector is closed and the polarization vector defines 
a null geodesic then the null electromagnetic field admits Maxwell coUineation 
along the polarization vector. 
Proof : We have 
Using (3) and (4), after simphfication, we get 
£ t F j j = tjt (Si;fc — Sfc;j) — tit [Sj-k — Sk;j) 
Hence, if 5* is closed and f defines a null geodesic, we have the result 
Theorem 4: If the polarization vector is Killing and expansion-free then a null 
electromagnetic field admits Maxwell coUineation along the polarization vector. 
Proof : We have 
£^Fij = Fij;fct -I- Fikt.j + Fkjt.j^ 
Prom (3) and (4) , we get 
S'tFij = tjSi-kt + Sitj-kt ~ Sjt^kt ~ tjSjifct 
Using (7), this reduces to 
£tFij = tjs''{ti.k + tk-i)-tis''{tj.k + tk.j) 
+Sit {tj-k + tk;j) — Sjt {ti-k + tk;i) — FijS.^ 
Hence, if f is Killing and expansion-free then £tFij = 0. 
The importance of the Nijenhxiis tensor is very well known in differential ge-
ometry (see Yano [ 74]) while for general relativity, the Nijenhuis tensor, in terms 
of electromagnetic field tensor Fij, is given by ([63]) 
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NL = F^Fl^ - Fl^,) + FlFl, - FlF^, (9) 
where a semi-colon denotes the covariant differentiation and the electromagnetic 
field tensor Fy satisfies the Maxwell equations 
%; , ] =Q,F;l = f (10) 
where a square bracket denotes the antisymmetrization and J ' is the 4-current 
vector. Using (10), we can express (9) as 
NL = F^'Fimrt + FlFi^ - F^F^, (11) 
In terms of the 4-current vector J*, Ni^ takes the form 
< = {F"^Fim + FfF!^-FlFJ^) 
+j''Fim-JiF^+JmFt (12) 
so that in the current-free case, N^, reduces to 
NL = (F'^Fim + FfF^ - F^Fth (13) 
For radiative null electromagnetic field, we have 
FijF*^ = 0 = F^jF"^ (14) 
where i^ * = (l/4)7/y,„„F™" is the dual of Fij. 
We also have [8] 
F'Tir^ + F / F ^ - F^Fl' = IF'^Fim (15) 
and the Nijenhuis tensor for the null electromagnetic field is given by 
NL = 2F"'Flm;t (16) 
Definition 2: A torsion collineation (TC) is defined to be a point transformation 
leaving the form of the Nijenhuis tensor invariant, i.e. 
£eA^5 = 0 (17) 
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where £ denotes the Lie derivative with respect to ( and Njj is the Nijenhuis 
tensor given by the equation (16). We now have 
Theorem 5: A niill electromagnetic field admits TC along the propagation vector 
s provided that s is Kilhng. 
Theorem 6: A null electromagnetic field admits TC along the polarization vector 
t if t is Killing and expansion-free. 
(For the proof of these theorems, see [8]). 
It is known that ([44]), in terms of the complex null tetrad Z^, the electromagnetic 
bivector F^ has the following form 
Fij = -2U(f>iliinj] + 2i^(j)imiimj] + (j>2l\i'mj] 
+02/[i^i] - <l>on[imj] - <pon[imji (18) 
where 
<J)o = 2FijVm> , 01 = Fij{rn^ + m'mP), 
02 = 2FijmV (19) 
are the complex Maxwell scalars, and 9?0i and Q(f)i denote the real and imaginary 
parts of 01, respectively. 
Depending upon the vanishing of the Maxwell scalars [cf, equation (19)], the 
electromagnetic field can be classified as ([44]) 
Type A : Non-singular (non-nuU) 
00 = 02 = 0,017^0; (20a) 
Type B : Singular (null); 0o = 0i = 0, 02 ^ 0; (20b) 
Type C : Singular (nuU); 0i = 02 = 0, 0o ^ 0; (20c) 
The propagation vector for type B field is /", while for type C it is n". 
From the definition of the differential operators (cf. Chapter II ) 
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D = r V a , A = n'^Va , <5 = m'^Va , 6 = m"Va , (21) 
it is easy to write 
Va = la^ + TlaD - m„(5 - TUaS (22) 
For the different types of electromagnetic fields, we have 
Theorem 7: For an electromagnetic field of arbitrary type A is with principal 
null direction (p.n.d.) as P and n",the source-free Maxwell equations are 
D0 = 2/)(^  , A(^ = -2//(^ , 64) = 2r(i) ,5<f) = -27r0 (0 = 0i ^^  0) 
Theorem 8: If /" is the p.n.d. of an electromagnetic field of type B, then the 
soin-ce-free Maxwell equations are 
D(j)={p- 2e)(t> ,6<f>={T- 2P)(P ,K = a = 0 (0 = 02 7^  0) 
Theorem 9: If n" is the p.n.d. of an electromagnetic field of type C, then the 
source-free Maxwell equations are 
D<l) = (27 - //)0 , (50 = (2a - 7r)0 ,1/ = A = 0 (0 = 0o 7^  0) 
We shall now determine the behavior of Lie differentiation on the electromag-
netic field tensor Fij, Ricci tensor Rij for an electromagnetic field and gij for ntill 
electromagnetic field. 
The Lie derivative of Fij with respect to the p.n.d. /° is 
£iFij = DFij + FikV/ + FkjVil' . 
Prom equations (18), (20), (21) and Theorem 7, after a lengthy calculation, for 
non-null fields we obtain 
£-iFij = -2{23ff (p) liiUji -iQ{p + p) m[imj]}(j)+ 
23f?0{(a + P)l[imj] + {a + 0) l^imj] - (7 + 7) ¥J} " (^  + ^)^linj]}+ 
2i^<j){fm[ilj] + Tm[ilj] + KmiiUj] + /tmynij - am[imj] - afh[imjT^}. 
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Thus we have 
Theorem 10: If the null scaled geodesic congruences r-(i!).^and,i^J7^^^isfy the 
source-free Maxwell equations for a non-null electromagnetic*^Si^^and T{1) is 
expansion-free, then 
£iFij = -43fJ (p) liiUj] 4> + 25ft0{ (a + p)l[imji + {a + /3) /[imyj} + 
2i^0{fm[j/j] -I- rm[j/j] + K,m[inj] — am[imji - arhiiifij]}. 
For null electromagnetic field of type B,from equations. (20), (22), (24) and 
Theorem 2, the Lie derivative of Fij with respect to the p.n.d. I is 
£iFij = (p - 2e) (pl^iruji + {p - 2e) ^liifhj] 
+-{{Tlilj + KliUj — pliTTij — alimj)(f) 
+{flilj + KliUj — pliihj — alifhj)^} 
—-{{TIJIJ + nljUi — pljnii — <Tljihi)(f) 
+(fljli + RljUi — pljffii — d-ljfhi)^} (23) 
where ^ = (^ 2 7^  0 . It is also known, for null electromagnetic field of type B, that 
/c = cr = 0, and we may also choose the scaling e = 0 so that we have 
Theorem 11: A null electromagnetic field satisfying the source free Maxwell 
equations admits Maxwell colUneation along the null scaled geodesic congruence 
r(0. 
In the spin-coefficient formalism, the Einstein field equations 
RiJ = -i^{Fi^F^-\9^Jp^^p^) 
for a purely electromagnetic distribution takes the following form for difi'erent 
types: 
Type A : Rij = X(t>i4>i{l{i'^j) + f^iiffij)} (24a) 
TypeB : Rij = ^ hhhlj (24b) 
y 
TVpe C : Rij = -(j)Q(j)Qninj (24c) 
7S 
where x is a constant 
R e m a r k : I t may be noted here t h a t equations. (24b) and (27c) are the well 
known Lichnerowicz conditions [7] for total gravitational radiation having U and 
rij, respectively, as the propagation vectors. 
For equations (20),{ (50-11) and (54-11)}, (24a) and Theorem 7, the Lie deriva-
tive of Ricci tensor Rij with respect to / takes the form (here (/) = (l)i) 
liRij = x[{2(p + p) + (e + e)}/(inj) + { f - ( a + i3)}^(imj) 
+{T -{a + p)}l{ifhj) + (p + p)rrnifhj) 
—am^iThj) — crrn(i?fij)]0(^ (25) 
If the tetrad {/°, n°, m", m"} is parallelly propagated along V (/) 
(i.e., K = e = TT = 0 ) , and F (n) is scaled (i.e., 7 = 0 ) , then equation (25) can be 
written as 
+{T -{a + (3)}l(imj) + {p + p)m^mj) 
—crm^i'ffi.f) — a'm{iinj)\(j)^ (26) 
It is interesting to note here that a solution of Einstein-MaxweU equation which 
may satisfy equation (26) is the Riessner-Nordstrom field of a charged point mass 
(cf. [47]). 
If, hi addition to the above assmnptions, the geodesic congruence V {I) is shear-
free (i.e., cr = 0) and a gradient field (i.e., p = p,T = a + P) , then equation (26) 
reduces to 
£iRij = AxPih^j) + ^{i^3)W (27) 
and this is nonzero as pj^O. 
The Lie derivative of Rij with respect to the p.n.d. I, by using equations 
(24b), 
{(50-11), (54-11)} and Theorem 8, reduces to 
£iRij = {p + p)Rij = —i°aRij 
We thus have 
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Theorem 12: The null electromagnetic field satisfying the source -free Maxwell 
equations admits Ricci coUineation along the p.n.d. / if and only if the null scaled 
geodesic congruence F (1) is expansion-free. 
Finally, choosing ^ as /° in equation (1), we get 
which from equations (21) and (78-11) reduces to 
^i9io = [{l + ^)^ih - '^^i'^3 ~ '^^i'^j + (e + e) nilj 
—Knirrij — Kriifhj — (a + Pj ruilj + amirrij 
+pmimj — (a + 0j fhilj + pfhirrij + afhifhj 
+(7 + 7)^j'« ~ fljTni - rljihi + (e + e) njk 
—Rnjrrii — Krijfhi — \Q.-\-p\ nijli + amjUii 
+pmjfhi — {a + (3) ffijU + pffijirii + aifijfhi] 
= 0 (28) 
Since for null electromagnetic fields, K = cr = 0 and we may choose the scaling 
e = 0, therefore, from equation (28), we have 
Theorem 13: A nuU electromagnetic field admits motion along the p.n.d. /, if 
and only if Hs a gradient field and 7 -1 -7=0 
3. Matter CoUineation 
Motivated by the role of symmetries in general theory of relativity, here we have 
defined yet another symmetry of the spacetime. This is defined in terms of the 
vanishing of the Lie derivative of the space-matter tensor. 
In 1969, Petrov [62] introduced the so called space-matter tensor which sat-
isfies all the algebraic properties of the Riemann curvature tensor and is more 
general than the Weyl conformal curvature tensor. The algebraic properties, the 
classification and the spinor equivalent of the space-matter tensor have been stud-
ied by Ahsan in a series of papers ([1], [2], [4]). 
Let the Einstien field equations be 
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Rob - -^Rgah = ATa6 (29) 
where A is a constant and Tab is the energy-momentum tensor. On contraction 
(29) yields 
AT = ~R (30) 
Define a fourth order tensor Aa<.cd([62]) as 
^abcd = -^ {gacTbd + gbdTac — 9acTbd — dbcTad) (31) 
which has the following properties: 
•^abcd = —-Abacd = —-/^cdab, Aibcd + -^ocdb + ^adbc = 0 (32) 
Contraction of (31) over b and d yields 
A R 
The space-matter tensor Pabcd is defined as ([62]) 
Pabcd = Robed + Aabcd + 0" {gac9bd — gadgbc) (34) 
where <r is a constant (a scalar). The first part of this tensor represents the 
curvature of the space and the second part, the distribution and motion of matter. 
This tensors has the following properties : 
\i) Pabcd — ~Pbacd = —Pcdobi Pabcd + Pacdb + Padbc = 0 . 
{ii) Pac = Rac - >^Tac + §gac + 3aC/ac = {R + Sa)gac-
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{in) If the distribution and the motion of the matter, i.e. Tab and the space-
matter tensor Pabcd are given, then Rabcd, the curvature of the space is determined 
within the scalar a. 
(iv) If Tab = 0 and <T = 0, then Pabcd is the curvature empty spacetime. 
{v) If gab, the metric tensor, a, the scalar and 
•t'^abcd are known, then Tab can 
be determined uniquely. 
It is known that ([34]) the Riemaim curvature tensor may be decomposed as 
Railed = Cabcd + Eabcd + Gabcd (35) 
where Cai^ is the Weyl tensor, Eabcd is the Einstien tensor defined by 
Eabcd = —-^{.QacSbd + QbdSac — QadSbc — QhcSad) (36) 
where 
So) = Rah — -zRgab (37) 
being the traceless Ricci tensor, and Gated is defined by 
Gabcd = —-^{gacgbd " Qadgbc) (38) 
Using the above equations, it has been shown by Ahsan [1] that the space-matter 
tensor Pabcd may be decomposed as 
Pabcd = Cabcd + {QadRbc + QbcRad ~ gacRhd — QbdRac) 
+ f o -^ + <7 j {gac9bd - 9ad9bc) (39) 
which can also be written as 
Pbcd = C^cd + iS^dRbc-S'^Rbd+gbcR'^ + gbdR'c) 
+ (^-R + a^ (S^gbd - 6^gbc) (40) 
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We now have 
Definition 3; A matter collineation (MTG) is defined to be a point transfor-
mation x" -* x' + (^dt leaving the form of the space-matter tensor P^^ given by 
equation (43) invariant, that is 
^A = 0 (41) 
where £^ denotes the Lie derivatives along the vector ^, 
Since every motion in a K is a W Conf C [5], we thus have from equation 
(40) and (41), we thus have 
Theorem 14: A y„ admits MTC if it admits M, RC and CT = 0 
Now consider a Vn for which Rij = 0 = a and denote this space as V^. 
Equations (40) and (41) yield 
Theorem 15: In a V^ ° every motion is a MTC. 
The energy momentum tensor Tab of an electromagnetic field is defined by 
Tab = FakF^ - -gabFijF'^ (42) 
Prom (42), equations (32), (35) and (36) yield, after a lengthy calculation, 
we have the following representation of space-matter tensor in case of a non-null 
electromagnetic field 
Pabcd = Cabcd - QacFbkF^ — SadFbtF^ + QbcFaxF^ 
+(o- + -FijF^){gacgbd - 9ad9bc) (43) 
fi-om which we have 
PL = C^-S^FbkF^~gbdF,^FP + 6^FbtF^ + gbcF,'F^ 
+{a + ^F^jF^^XS^gb, - 6^gbc). (44) 
It is known [30], for non-null electromagnetic fields, that £^gij = 0 =^ £Fij = 0. 
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Theorem 16: A non-null electromagnetic field admits MTC if and only if it 
admits motion and a = 0. 
The energy momentum tensor Tab for null electromagnetic field is given by 
Tab = FacF,' (45) 
where Fac = Satc — taSc and SaS'^ = Sat"' = 0, taf^ = 1, vector s and t are the 
propagation and polarization vectors, respectively. 
Consider now equation (45) and use the same technique as was used earher 
in obtaining equation (44), we have 
Pbc, = C^ca + ^iS'.FbkF^ - b^^FbtFl + gbcFiF', - gbaF^F^) (46) 
which is the representation of space-matter tensor for null electromagnetic field. 
Prom the results of previous section, it is easy to prove the following 
Theorem 17: A nuU electromagnetic field admits MTC along the vector ^ (prop-
agation/polarization) if ^ is Killing and expansion-free. 
As we are working with null electromagnetic field, it is therefore natural to 
expect that the Lichnerowicz conditions for total radiation ([35]) are satisfied and 
we have 
Tai, = (l>Xkb (47) 
where ka is the tangent vector. We now have 
Definition 5: A null electromagnetic field admits total radiation colhneation 
(TRC) if £^Tab = 0, where Tab is defined by equation (47). 
Taking the Lie derivative of equation (47) with respect k^, we have 
^^Tab = </>^  [ka (kckb;c + kck':^ + kb [kdka-d + kdk^^] (48) 
Also, since a null electromagnetic field with equation (47) is often known to 
be a pure radiation fields, therefore from equation (48), we have the following 
Theorem 18: Pure radiation fields admits TRC if and only if the tangent vector 
ka defines a null geodesic. 
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4. SYMMETRY INHERITANCE 
A geometrical/physical quantity, say A, on the spacetime manifold of general 
relativity corresponding to a vector ^", is said to inherit symmetry if 
£^A = 2nA (49) 
where fi is a scalar and £ is the Lie derivative operator. The vector ^°' may be 
time-like, space-hke or null. 
One of the simple and most widely used example is the metric inheritance 
symmetry for which A = g^ and for this case, ^" is a Killing vector (KV) if Cl 
is zero, a homothetic Kilhng vector (HKV) when f2 is a constant and ^" is a 
conformal Killing vector field (CKV) if J) is a differentiable function of the co-
ordinates. The curvature inheritance (CI) and Ricci inheritance (RI) [(i.e. when 
A is replaced by Riemann curvattire tensor /?,^^ and Ricci tensor Rij, respectively 
in equation (49)] with special reference to perfectly fluid spacetimes, have been 
studied by Duggal [25]. Recently Tsamparlis [71] considered the reduction of the 
metric due to CKV and has shown that if metric admits a non-null CKV whose 
bivector does not vanish then it is conformally related to another metric which 
admits the CKV as a KV and deduced the Priedmann-Robertson-Walker model 
from the assinnption of conformal symmetry only. 
This section deals with a study of symmetry inheritance when the quantity A 
in equation (49) is replaced by the electromagnetic field tensor F^ and the Ricci 
tensor Rij. We have 
(a) Maxwell Inheritance 
Here we will discuss the symmetries of electromagnetic fields. A natural exten-
sion of Maxwell inheritance (MI) is presented, which is followed by a number of 
examples. 
A spacetime V4 is said to admit Maxwell inheritance along a vector ^" if 
£^Fij = 2nFij (50) 
where f] is a scalar function and Fij is electromagnetic field tensor. The vector ^" 
is called the Maxwell inheritance vector. 
It may be noted that when fi = 0, the Maxwell inheritance reduces to Maxwell 
collineation and the corresponding vector is then Maxwell coUineation vector. 
S5 
Prom equations (23), (49) and (50) the Maxwell inheritance for non-null elec-
tromagnetic fields (in terms of the spin-coefficients ) is equivalent to 
2{i^{p + p)m[imj] - 2^p)l[inj]}(l) + 2U4>{{a + P)l[imj] 
- ( 7 + "yWj] - (^  + ^)iM} + 2iQ4>{fm[ilj] + Tfh[ilj] 
KmliTij] + KmliTij] - Gm{im^ - amXifh^ 
= 4n{i^(pm[imj] - U(t>l[inj]} (51) 
Since a null electromagnetic field always admits Maxwell coUineation ([9]), 
therefore from equation (23) and (48)-(50), the Maxwell inheritance for null elec-
tromagnetic field is equivalent to 
0/[in,] = -^l[iffij] (52) 
Example 1. Prom equation (51) it can be easily seen that the spherical solution 
of Khlebnikov admits the Maxwell inheritance symmetry if 
3fJ(/>{(a + P)l[imj] + {a + P)l[ifhj] - (7 + 7)/^;] 
= 2Q{iQ<j)m[ifhj] - U(()l[inj]} 
so that for fi = 0 we have 
£iFij = 2^<l){{a -f- 0)l[imj] + {a + P)l[ifhj] - (7 4- j)l[ilj] 
7^  0 
which shows that Khlebnikob solution does not admit Maxwell colhneation. 
Example 2. While studying the Einstein-Maxwell field equations for non-null 
electromagnetic field satisfying the conditions of the coupling theorem due to 
Debney and Zund [23], Tariq and Tupper [68] have obtained the most general 
twist-free algebraically general solution 
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where x^ = u, x^ = r, x^ = y and x^ = z. The solution (53) has an infinity at 
«r = 0 in the invariants formed from the curvature tensor and also in the invariants 
of the electromagnetic field which suggest that the singularities occur at the two 
hypersurface u = 0, r = 0. Also for each principal null congruences associated 
with the solution, the shear is ^/3 times the magnitude of the expansion. The 
non-vanishing spin-coefficient are p, /x, a and A. 
It can be easily seen, from equation (51) that for the equation (53) the MaxweU 
inheritance is equivalent to 
{z9(/? + p)m[imj] - 2R{p)l[inj]}^ - iQ(p{amlimj] + afh[ifhj]} 
= 2Cl{i^(f)m[ifhj] - ^(plliUj]} 
so that for fi = 0 
{i^ip + p)m[ifhj] - 2di{p)l[inj]}(j) - 2i^<j){am\imj] + affiliffij]} ^ 0 
and thus solution (53) does not admit Maxwell colUneation. 
(b) Ricci Inheritance 
Let V4 be the spacetime of general relativity with Einstein field equations 
Rab - ^QabR = Tah (54) 
where Tab is the energy momentum tensor of the perfect fluid, i.e., 
Tab = pUaUb + phab (55) 
Here p, p and hob = 9ab + UaUb respectively, are the energy density, the isotropic 
pressure relative to the fluid flow velocity, vector Ua and the projection tensor 
which projects into the instantaneous rest space of an observer with fom velocity 
Ua-
The Ricci inheritance is defined through the relation 
JL i^ijy = 2ilRij 
where Rij is the Ricci tensor . 
The deformation of the congruence generated by n" at any point can be mea-
sured if at P an observer with four velocity u'^ orthogonal to n" is satisfied. Since 
UaU"^ = 0, an observer moving with the fluid with four velocity Ua may be em-
ployed at P. Once the observer has been specified at any point of the congruence, 
four velocity of the congruence, the observer employed at all other points along 
the congruence can not be assigned arbitrarily, their four velocity must satisfied 
the transport law (Greenberg[36] 1970). 
If a comoving observer with four velocity «° is chosen at any one given point, 
then the observers employed at all other point along the congruence can be co-
moving observer with four velocity if and only if 
hlh^ = u" - {nbU^)rf (56) 
where an overhead dot denotes covariant differentiation along a fluid particle world 
line, for example, X° = XjU*, and dash denotes the covariant differentiation along 
an integral curve of n" for example Y"' = Y.^v!'-
In this section, we shall present the conditions imder which a perfect fluid 
spacetime may admit space-like Ricci inheritance vector $,"• orthogonal to the 
flow velocity vector w" in terms of expansion, rotation and shear of space-like 
congruence generated by n" . We have (For the proof of this theorem, (see [16]) 
Theorem 19: The necessary and sufficient conditions for a perfect fliuid spacetime 
satisfying Einstein field equations to admit a Ricci inheritance vector 
^^ = ^n" are that 
ii) (p + 3p) u^ac-rf --(p-p)La = 0 (57) 
(w) {p-p)Tat, = 0 (58) 
{in} {p - p)[n, -f- (log A)_„ --+ Sua] = 0 (59) 
(iv) (p - p) [-S + Ucu" - 2aX-^\ = 0 (60) 
{v) [{p - p)X%a - 4(p - p)OA-i = 0 (61) 
where p, p and Tab are energy density, isotropic pressure and shear tensor re-
spectively, u" is velocity vector, £ is expansion, A° is Ricci inheritance vector 
orthogonal to w° and 
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L« = hl'n!' - u" + (nfcu'") rf (62) 
It can be shown that ([69], [70]) LQ = 0 is the necessary and sufficient condition 
for the integral curve of rf (riaU"' = 0, Ua'a"' = 1) to be material curve in the fluid 
and therefore the comoving observer u" can be employed all along the n-congruence 
if and only if the curves of the congruence are material Unes. 
For the space-Uke conguerences generated by n" as measxured by an observer 
moving with four velocity u", the expansion S, the rotation tensor TZab and the 
shear tensor 7^ 6 are given by (Greenberg[36] 1970) 
S = q'^ria.b (63) 
Tlab = qlqUicA (64) 
%h = qlqt'Tiicd) - 2^qob (65) 
where (f'' is the projection tensor that projects on to the two-space orthogonal to 
it° and n" 
^ab ^gOi>^ u^u^ _ rfn'', q'^Uab = 0, q^^Ub = 0 (66) 
The covariant derivative of no may be decomposed as [36] 
na;b = Tlab + -^^q + %a, + "•l"'b - haUb + Ua {u^Uc-fi) 
+ (n%c) iJ'aUb - (ncu'c) ^aUb (67) 
where S, TZab and Tab are given by equations (63)-(65), respectively 
Consequences of theTheorem 19 
(a) If fi = 0 then Theorem (19) reduces to the fluid spacetme satisfying 
Einstein field equations to admit Ricci colfineation vector. 
(b) If i7 = 0 then equation (61) reduces to 
[{p-p)An%a = 0 (68) 
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which serves as a conservation law for the vector A*^  and for dust model (i.e., 
p = 0) the conservation law for the vector A" = An" is [(pAn"];a = 0. 
(c) If a; = 0 then from the equation (57), either p = p (stiff equation of state) 
or La = 0. When LQ = 0, the integral curves of n° are material curves in the fluid. 
Thus , Theorem 19 provides a direct relation between the Ricci inheritance vector 
and material curves. 
(d) If fluid satisfies the stiff equation of state p = p then equation (57) reduces 
to WacTf = 0 for a; 7^  0. Now contracting uJac'r^'^ with n'^'^cJcUd and using a;" = 
ln°^UbOJcd, we get 
n" = 
,2 WcnVo;^  w^ (69) 
and as n" and a;° are nonzero, we have 
n" = iwVo; (70) 
Thus, n° may be considered as a unit vector tangent to a vertex hne [36]. 
(e) From equation (58), either the fltiid satisfies the equation of state p = p 
or, the shear tensor Tcu, is zero. 
(f) Prom equation (59), either p = p, or 
-£na = n'^ +(log X)>a (71) 
While from equation (60), either p = p, or 
^S = 2nX-'+n^u'^ (72) 
which may be considered as a kinematical equation. Prom equations (71) and (72) 
we have 
n„  = Uancu" + 2nanX - (log A)/o (73) 
90 
which is a relation between the covariant differentiations along a fluid particle 
world line and along an integral curve of no, and the Ricci inheritance vector. 
(g) It is known ([35]) that for radiative perfect fluid, the resulting universe 
must be homogeneous and isotropic. Thus, if we take p = ^p then Theorem 19 
reduces to 
Corollary 1. A homogeneous and isotopic luiiverse satisfying Einstein field equa-
tions admits a Ricci inheritance vector A" = Ana if and only if 
(i) p (2a;acn^ - \La) = 0 
ill) IpTab = 0 
(m) |/9[< + (log A),a - ^Eria] = 0 
(iv) IP[^S + ricif - 2f}A-^] = 0 
(«)[pAl;„-4pf2A-i=0 
(h) When p=0 then Theorem 19 leads to the following 
Corollary 2. A dust universe satisfying Einstein field equations admits a Ricci 
inheritance vector A" = ATIQ if and only if 
(«•) P i^^acn" - \L^ = 0 
(M) pTab = 0 
[Hi) p[n^ + (logA),„ - \Sna] = 0 
[iv) p[\E + ncii" - 2^\-^] = 0 
{v) [p\%a - 4pS7A-i = 0 
(i) Irrotational dust spacetimes have studied by Maartens et al. [55] who 
showed that such imiverses in general relativity must have both gravito-electric 
and gravito-magnetic fields. For these universes to admit Ricci inheritance vector, 
we have 
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Corollary 3. An irrotational dust universe {p = 0, Ua — 0, p > 0) satisfying 
Einstein field equations admits a Ricci inheritance vector A" = Aria if and only if 
(i) \pLa = 0 
[a) pTab = 0 
(m) p[n^ + (logA),a - \Sna\ = 0 
{iv) p[^e + n^if - 2f)A-i] = 0 
{v) [p\%a - 4pnx-^ = 0 
Since p ^ 0. It follows from {i) above, that La = 0 and thus the integral curves 
of n" are material lines in an irrotational dust spacetime. 
References 
I] Ahsan, Z , Ind. J. Pure. Appl. Maths. 8 (1977) 231. 
2] Ahsan, Z., Ind. J. Pure. Appl. Maths. 8 (1977) 1055. 
3] Ahsan, Z., Malik., N.P., Proc. Indian Acad. Sci. 85 A (1977) 546. 
4] Ahsan, Z., Ind. J. Pure. Appl. Maths. 9 (1978) 1154. 
5] Ahsan, Z., Tamkang Journal of Maths. 29, No.2 (1978)237. 
6] Ahsan, Z., Proc. Indian. Acad. Sci. 88 A (1979) 125. 
7] Ahsan, Z., Husain, S.I., Annali di Mathematical Pura ed applicata 26 (1980) 
339. 
8] Ahsan, Z., Journal of Math. Phys. Sci. 21, No.5 (1987) 515. 
9] Ahsan, Z., Acta Physica Sinica 4, No.5 (1995) 337. 
10] Ahsan, Z., J. Moscow Phys. Society 5 (1995) 215. 
II] Ahsan, Z., Brazilian Journal of Physics 26, No.3 (1995) 572. 
12] Ahsan, N., A Study of the Compacted Spin Coefficient Formalism in 
General Relatiity, Ph.D. Thesis, Aligarh Muslim University, Aligarh 
(2000). 
13] Ahsan, Z., Ahsan, N., Ali, S., Alig. Bull. Maths. 20 No.l (2001) 167. 
14] Ahsan, Z., Ahsan, N., Ali, S., Bull. Cal. Math. Soc. 93 (5) (2001) 407-422. 
15] Ahsan, Z., Ahsan, N., Bull. Cal. Math. Soc. 94 (5) (2001) 385. 
16] Ahsan, Z., Bull. Cal. Math. Soc. 97 (3) (2005) 191. 
17] Ahsan, Z., Tensor Analysis with Application, Anamaya Publishers, New 
Delhi, India (2008), Co-Published by Anshan Pvt. Ltd. United Kingdom 
(2008). 
18] Astefanoaei, I., Maftei, Gh., Algebras Group Geometry 17, No.3 (2000) 
263. 
19] Carter, B., Black Hole Equilibrium State in Black Holes, Les Houches 
Lectures Gordan Breach, New York (1972) 57. 
93 
[20] Chandrashekhar, S., Mathematical Theory of Black Hole. Oxford Univ. 
Press, New York (1983). 
[21] Collinson, CD., Gen. Rel. Grav. 1 (1970) 137. 
[22] Davis, W.R., Oliver, Jr. Dr., Ann. Inst. Henri Poincare 26 No.2 (1978) 197. 
[23] Debney, G.C., Zund, J., Tensor(NS) 25 (1972). 
[24] Duggal, K.L., Existence of Two Killing Vector Fields on the Spacetime of 
General Relativity, preprint (1978). 
[25] Duggal, K.L., Acta Applicandae Mathematicae 31 (1993) 225. 
[26] Edgar, S.B., General Relativity Gravitation. 24(1992)1267. 
[27] Edgar, S.B., Ludwig, G., General Relativity Gravitation. 28 (1996) 707. 
[28] Edgar, S.B., Ludwig, G., General Relativity Gravitation. 14 D (1997) 65. 
[29] Edgar, S.B., Ludwig, G., General Relativity Gravitation. 29 (1997) 19. 
[30] Edgar, S.B., Ludwig, G., General Relativity Gravitation. 29 (1997) 1309. 
[31] Edgar, S.B., Vickers, J.A., Class. Quantum Grav. 16 (1999) 356. 
[32] Ellis, G.F.R, Relativistic Cosmology in General Relativity and Cosmology, 
ed. By R.K. Sachs, Acad. Press London, (1971) 104. 
[33] Frolov, V.P., The Newmann-Penrose Method in Theory of General 
Relativity- Article in problems in General Relativity Theory and the 
Theory of Group Representation, Ed.Basov, N.G., Plenum Press , New 
York (1979). 
[34] Gehniau, J., Debever, R., Bull. Acad. Roy. Beg. CI des. Sci. 42 (1956) 114. 
[35] Geroch, R., Held, A., Penrose, R., J. Math. Phys. 14 (1973) 874. 
[36] Greenberg, P.J., Math. Annal. Appl. 30 (1970) 128. 
[37] Hall, G.S., General Relativity Gravitation 20 (1988) 399. 
[38] Hawking, S.W., Comm. Math. Phys. 43 (1975) 195. 
[39] Held, A., J, Math. Phys. 7 (1976) 177. 
[40] Held, A., J. Math. Phys. 17 (1976) 39. 
[41] Herdegen, A., Class. Quantum Grav. 8 (1991) 393. 
94 
42] Israel, W., Commun. Math. Phys., 8 (1968) 245. 
43] Jing, Jiliang, Int. J. Theo. Phys. 41, No.2 (2002) 101. 
44] Katzin, G.H,, Livine Jack., Davis, W.R., journal of Mathematical physics 
10(1969)617-620. 
45] Kinnersley, W., J. Math.Phys. 10 (1969) 1195. 
46] Kolassis, C.,Ludwig, G., Int. J. Mod. Phys. A 11(1996) 845. 
47] Kramer, D., Stephani, H., Mc Galium, M., Herlt, E., Exact solution of the 
Einstein Field Equations (Cambridge University Press, 1980). 
48] Lind,R.W., Messmer, J., Newman, E.T., J. Math. Phys. 13 (1972) 1884. 
49] Lind,R.W., General Relativity Gravitation. 5 (1974) 25. 
50] Lozanovaski,C., Carminatte, Class. Quantum Grav. 20, No.2 (2003) 159. 
51] Ludwig, G., Int. J.Theo. Phys. 27 (1988) 351. 
52] Ludwig, G., Int. J.Theo. Phys. D 4 (1996) 407. 
53] Ludwig, G., Edgar, S. Brian, Gen. Rel. Grav. 34 No.6 (2002) 807. 
54] Maftei, Gh., Astefanoaei, I., Romanian J. Phys. 45 (2000), No. 56 (2001) 
415-422. 
55] Marteens, R., Lesame, W.M., Ellis, G.F.R., Class. Qunt. Grav. 15 (1998) 
1005. 
56] Michalski, H., Wain Wright, J., General Relativity Gravitation. 6 (1975) 
289. 
57] Muller Zum Hagen, H., Roboinson, D.C., Seifert, H.J., Gen. Rel. Grav. 5 
(1974)61. 
58] Newmann, E.T., Penrose, R., J. Math. Phys. 3 (1962) 566. 
r^l Nordvet, K., Pagels, H., Ann. Phys. 17 (1962) 426. 
60] Norris, L.K., Green, L.H., Davis, W.R., Ann.Inst. Henri Poincare 28 No.2 
(1978) 197. 
61] Penrose, R., Rindler, W., Spinors and Space-time, Cambridge University 
Press, New York, Vol. 1 (1984). 
62] Petrov, A.Z., Einstein Space, Pergamon Press (1969). 
95 
63] Radhakrishna, L., Khade, V.D., J. Shiv. Univ. 6 (1973) 57. 
64] Sachs, R.K., Z. Phys. 157 (1960) 462. 
65] Stephani, H., General Relativity: An Introduction to the Theory of the 
Gravitational Field. Cambridge University Press, Cambridge (1982). 
66] Synge, J.L., Tensor (N.S.) 25 (1972) 69. 
67] Talbot, C.J., Comm. Math. Phys. 13 (1969) 45. 
68] Tariq, N., Tapper, B.O.J., Gen. Rel. Grav. 6 (1975) 345. 
69] Tsamparlis, M., Masan, D.P., J. Math. Phys. 24 (1983) 1577. 
70] Tsamparlis, M., Masan, D.P., J. Math. Phys. 26 (1985) 2881. 
71] Tsamparlis, M., Class. Qunt. Grav. 3 (1986) 2901. 
72] Weinberg, S., Gravitation and Cosmology: Principles and Applications of 
the General Theory of Relativity. John Wiley & sons. Inc., New York 
(1972). 
73] Woolley, M.L., Commun. Math. Phys. 31 (1973) 75. 
74] Yano, K., The Theory of Lie Derivatives and its Applications. Vol. Ill, 
North- Holland publishing co. (1955). 
75] Zecca, A., Nuovo Cimento Soc. Ital Fis B 12 (1998) 113. 
76] Zecca, A., Nuovo Cimento Soc. Ital Fis B 12 No. 2 (2002) 117 -197. 
77] Zecca, A., Nuovo Cimento Soc. Ital Fis B 12 No. 4 (2002) 117-461. 
78] Zhong-Heng, Nuovo Cimento Soc. Ital Fis B 12 No. 8 (2001) 117- 965. 
79] Zund, J.D., Rendi Cont. Cir. Mate Di Parle. 20 (1971) 297. 
